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Shakespearian Modal Logic:
A Labelled Treatment of Modal

Identity

ALBERTO ARTOSI, PAOLA BENASSI, GUIDO (GOVERNATORI,
ANTONINO ROTOLO

To be or not to be: that is the question
(Hamlet,I11,i,56)

ABSTRACT. In this paper we describe a modal proof system arising
from the combination of a tableau-like classical system, which incor-
porates a restricted (“analytical”) version of the cut rule, with a
label formalism which allows for a speicialised, logic dependant uni-
fication algorithm. The system provides a uniform proof-theoretical
treatment of first-order (normal) modal logics with identity, with
and without Barcan formula and/or its converse

1 Introduction

Artosi Benassi Governatori and Rotolo (1996) present a proof method for
normal systems of first-order modal logic based on K EM. In this paper
we extend such a method to first-order modal logic with identity; in par-
ticular, the introduction of the identity symbol is relevant to the treatment
of existential presuppositions (see Hintikka 1969): according to whether
Jz(x = ay) is true or not, we shall be able to establish whether the indi-
vidual denoted by a, exists in the domain of quantification. K EM (see
Artosi and Governatori 1994, Governatori 1995) is a labelled analytic proof
system based on a combination of tableau and natural deduction inference
rules which allows for a suitably restricted (“analytic”) application of the
cut rule; the label scheme arises from an alphabet of constant and vari-
able “world” symbols. A “world” label is a world-symbol or a “structured”
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sequence of world-symbols we call a “world-path”. Constant and variable
world-symbols denote worlds and sets of worlds respectively (in a Kripke
model), while a world-path conveys information about access between the
worlds in it. We attach labels to signed formulas (i.e., formulas prefixed
with a “T” or “F”) to yield labelled signed formulas (LS-formulas). A
LS-formula TA,i (FA,i) means that A is true (false) at the (last) world
(on the path) 4. Individuals are attached to world symbols, according to
whether they belong to the associated domain, in such a way as to keep
trace of the existential (non-existential) status of terms. In the course of
proof search, labels and domains are manipulated in a way closely related
to the quantified modal semantics and “matched” using (specialised, logic-
dependent) unification algorithms. That two structured labels ¢ and k are
unifiable means that they virtually represent the same path, i.e., any world
which you could get to by the path ¢ could be reached by the path k£ and
vice versa.

As we shall see, our label formalism allows us to treat each of the vari-
ants of the first-order modal logics K, D, T, S4, B, S5 with varying domains
in a broader sense, by using the quantifier rules of the tableau method in
combination with corresponding appropriate versions of the modal rules.
In what follows we assume a Modal First-Order Language with identity L
defined in the usual way. Let € = {a1,aq9,...} and U = {x1,22,...} be
the sets of individual symbols (resp. constants and variables of L), and
B = {P1, P2,...} is the set of predicates. We shall use ¢,¢',... to denote
arbitrary terms, and A, B, C, ... to denote arbitrary formulas of L.

The systems we shall consider are extensions of that given by Kripke
(1963) with constants and the usual axioms of modal identity, namely:

e =1
o (t=15) = (A(t) — A(s))
o (t#5)—D(t#s)
and possibly by either of (or both) the following formulas (Barcan
Formula and its Converse):
BF VzOA(z) — OVzA(z)
CBF OVzA(x) — VaOA(x)
All the systems of Quantified Modal Logic (QML) we shall be concerned
with include modus ponens, necessitation, and universal generalization.
By a First-Order Kripke Model M we shall mean a 5-tuple
(W,R,D,e,v)

where W, R, D are as usual, e is a mapping e : W — (D) which assigns to
each possible world a domain of individuals, and v is the usual evaluation
function such that 1) for any a, € €, any z € ¥ and any w;,w; € W,
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v(an, w;) = v(an, w;), v(z,w;) = v(x,w;) (rigidity condition'); 2) for any
n-ary predicate P, € P and any w; € W v(Pp,, w;) C (e(w;))™; 3) “=” and
open formulas are evaluated globally; 4) closed formulas are interpreted
with respect to the domain of the world where they are evaluated (see
Kripke 1963); finally connectives and operators are as usual.

2 KFEM Language and Label Formalism

As usual with refutation methods, a K EM-proof of a formula A consists
of successful attempt to construct a countermodel for A by assuming that
A is false in some arbitrary model M.

The set & of labels arises from two (non empty) sets ¢ = {wy, wa,...}
(the set of constant world symbols), and &y = {Wy, Wa, ...} (the set of
variable world symbols) through the following definition:

S = U% where S is :
1<i
%1 :q)cU(I)V;
Fy =B X P
N

Sp41 = I X Sy (TL > 1)

That is, a world-label is either (i) an element of the set ®¢, or (ii) an
element of the set @y, or (iii) a path term (k’, k) where (iiia) k' € U Dy,
and (iiib) k € ®¢ or k = (¢/,i) where (¢/,7) is a label. From now on we
shall use i, j, k, ... to denote arbitrary labels.

For any label i = (&', k) we shall call k¥’ the head of i, k the body of i,
and denote them by h(i) and b(i) respectively. Notice that these notions
are recursive (they correspond to projection functions): if b(i) denotes the
body of i, then b(b(7)) will denote the body of b(2), b(b(b(7))) will denote the
body of b(b(7)); and so on. We call each of b(i), b(b(7)), etc., a segment of
i. Let s(i) denote any segment of i (obviously, by definition every segment
s(i) of a label 7 is a label); then h(s(i)) will denote the head of s(i). We
shall call a label ¢ restricted if h(i) € ®¢, otherwise unrestricted.

For any label i, we define the length of ¢, [(i), as the number of world-
symbols in 4, i.e., (i) = n < i € Q. s™(7) will denote the segment of 7 of
length n, i.e., s™(i) = s(i) such that I(s(z)) = n. We shall use h"(i) and "
indifferently as abbreviations for h(s™(z)).

For any label i,1(i) > n, we define the countersegment-n of i, as follows:

¢ (i) = h(i) x (- x (h* (i) x (- x (A" (@), wo)))) (n < k < 1(7))

where wy is a dummy label, i.e., a label not appearing in ¢ (the context in
which such a notion is applied will tell us what wq stands for).

Example 2.1 If i = (wy, (W3, (ws, (Wa,w1)))), then I(i) = 5, s3(i) =

IFor a discussion about rigidity and identity see Kripke 1971.
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(w3, (Wa,w1), and its countersegment-3 is c*(i) = (w4, (W3, wp)); intu-
itively ¢™(i), is what remains of i after deleting s™(i).

We stipulate that if ¢ € Sy and ai,...,a, € €, then ifay,...,a,],
ilal,...,ay) € 1 and, we shall use ifay,...,a,][d],...,al,] to denote

(h()[at, - anllam,---,apl,b(i)[al, ..., a,]lay,..., al]) .

As an intuitive explanation, we may think of a label i € &+ as denoting
a world (a given one), and a label i € ®y as denoting a set of worlds
(any world) in some Kripke model. A label ¢ = (k’, k) may be viewed
as representing a path from k to a (set of) world(s) k' accessible from k
(or, equivalently, the world(s) denoted by k). A constant a, occurring
in a label may be thought of as an element of the universe for which we
have enough information to decide whether it belongs to the domain of the
world(s) in the path represented by the label(s) it is attached to; given a
label ifay,...,am][a}, ..., ayl, if a, is in [ai1,...,ax] then a, denotes an
element of the domain of 4; otherwise (ay, is in [a}, ..., a;]) an denotes an
element of the complement.

Example 2.2 The label (Wy,w[a1]) represents a path which takes us to
the set W7 of worlds accessible from wy, and a; denotes an element of the
domain of wy; (wala1], (Wi[ag, as], w1)) represents a path which takes us to
a world ws accessible via any world accessible from w; (i.e., accessible from
the sub-path (Wi[az,as],w1)), where the domain of ws does not contain
the element denoted by ai, and as,as stand for individuals “shared” by
the worlds denoted by Wi (notice that labels are read from right to left).

3 Unifications

Labels and terms are manipulated according to rules (label-, and term-
unifications) which simulate respectively the accessibility and domain con-
ditions for the given L. The K EM label unification scheme involves two
kinds of unifications, “high” and “low” unifications respectively. A high
unification, o, is meant to mirror a single constraint on R, and a low
unification, or, is used to simulate the full range of conditions governing
the accessibility relation which characterises L.

3.1 Label Unifications
High unifications: We define a substitution in the usual way as a map-
ping

o : Oy — G

For two labels ¢ and k, and a substitution o, if ¢ is a unifier of 7 and k then
we shall say that i, k are o-unifiable. We shall (somewhat unconventionally)

use (i, k)o to denote both that ¢ and k are o-unifiable and the result of their
unification. On this basis we define several specialised, logic-dependent
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notions of o-unification. In particular, the notion of two labels i, k being

o¥-, oP-, oT-, 6%, oB-unifiable is defined as follows:

(i,k)o™ = (i,k)o at least one of i and k is restricted, and
v < 1(i), (s" (i), " (k))o ™

= (i,k)

(s!®) (4 1(i) > I(k), and
{ vn = U(k), (" (i), h(k))o = (h(i), h(k))o
(3,s" (k I(k) > 1(7), and
Vn > (i), (h(i), h"*(k))o = (h(i), h(k))o
A& 1(k) > 1 ) h(i) € ®y and
{ wo = (i, s ”(kz))
A® (@) 1(i) > 1(k), h(k) € @y and

wo = (s'M (i), k)o
i)),k)o if h(i) € Py and
i ho — (h(i). h(k))o = (A(b(b(0))). h(k))o
’ (i,b(b(k)))o if h(k) € Py and
(h(i), h(k))o = (h(i), h(b(b(k))))o
For the notion of o7 -unification, take for example i = (w3, (W1, w)) and
k = (w3, (Wa, (wa,w1))). Here (Wa,w3)o = (w3, ws)o. Then i and k o7 -
unify to (ws, (w2, wy)). This intuitively means that the world ws, accessible
from a sub-path s(k) = (Wa, (w2, w1)), after the deletion of W from £, is
accessible from any path ¢ which turns out to denote the same world(s) as
s(k); in fact the step from wsy to Wa is irrelevant because of the reflexivity
relation of the model. For the notion of o*-unification, take for example
i = (Ws, (wz,wy)) and k = (ws, (wa, (w3, (Wa,w1)))). Here s (k) =
(w3, (Wa,wy)). Then i and k o*-unify to (ws, (w4, (w3, (w2,w1)))) since
(i,s' D (k))o = (W3, (wa,w1)), (w3, (Wa,w;)))o. This intuitively means
that all the worlds accessible from a sub-path s/ (k) of k are accessible
from any path i which leads to the same world(s) denoted by s (k).
Low Unification: We are now able to combine the above unifications in
a single low unification for L = K, D, T, 54, B, S5.

b= { (G

where wo = (s"(2), s™(k))or, and

(i, k)ol
(i, k)otrtn :
(i, k)ol

where Lj - -- L, stand for the axioms characterising L.
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For S5 we provide the following specialised ogs-unification:
ke — { (000 B min{1(3), (1)} = 1
» 7058 ((h(i), h(k))o, (s(i), s (k))o) otherwise
We shall say that i extends k iff there exists an s(i) such that either (i)
s(i) =k or (ii) (s(i), k)or; and that i extends immediately k iff ¢ extends k
and s(i) = b(¢). We now provide a useful property of labels and unifications.
Lemma 3.1 If (i,k)or =1 then (i,0)or, and (I,k)oy,.

Proof. The proof will be by induction on the number of applications of

ol1In in a gp-unification. Let n be the number of such applications. If
n = 1 then we have to prove the property for o1 » 2 which means
(1) (i, k)olrtn =1 = (i,l)a™ I (K, 1)o"
We then provide the definition of o4
(i, k)o? 1(i) = I(k)
(i, k)oPTr = ¢ (i,k)oT  1(i) < 1(k),h(i) € Pc
(i,k)o*  1(i) <I(k),h(i) € Oy

At this point we prove the property stated in (1) by induction on the length
of labels.

If min{l(i),1(k)} = 1 then we assume that (i) = 1 (the proof for I(k) =
1 is similar). 1) i € ®¢. If also I(k) = 1, we apply o”; in every case, by
obvious considerations about o, [ = (i,k)o” =i, but (i,i)o? and (i, k)o”
If I(k) > 1 and (i, k)oT, then | = (i,k)o” = (i,s'(k))o? =i, hence (i,i)oP
and (i,k)ol. If I(k) > 1 and (i,k)oZ, then | = (i,k)o® = (i,s'(k))o = 1,
therefore (i,i)o” and (i,k)oP. 2) i € ®y then by the definition of o it
unifies with any label, in particular (i, k)o” = k = [, whence (i, k)o” and
(k,k)o?

Let us suppose now that min{l(i),1(k)} = n > 1, and that the property
holds up to n for ¥+ £n. Thus we have the following cases.

Ly---L,=Dand Ly---L, = K. If (i) = I(k) then (i,k)o” = I,
by the inductive hypothesis (b(i), b(1))a?, (b(k),b(1))a?, (h(i), h(l))oP and
(h(k), h(1))o?; therefore (i,1)o” and (k,l)o”. The proof for K follows
from the fact that [ contains only constants, which implies that each single
element of 7 and k is either a variable or the constant occurring in the
corresponding place in [.

Ly---L,=DT. Ifl(i) < I(k) and (i, k)o T =, by the inductive hypoth-
esis (b(i),b(1))a P, (s/®@D)(k),b(1))oP. By the deﬁmtlon of 0T, we know
that (" = (h(i), h(k))o = (h(i), "D (k))o; therefore (i,1)o” and (k,1)o”
The case [(i) = (k) is the same as the case for D above.

2Hereafter, in order to shorten proofs, when we have to consider labels of different
lengths, we shall assume, unless specified, the first to be the shorter. Obviously proofs
for the other cases can be carried out in the same way.
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Ly---L, = DT4. If 1(i) < I(k) and h(i) € ®y, then (i,k)o* = /) (k)
where wg = (i, (k))o. By the inductive hypothesis and the definition
of o we have (i,5")(1))o and (s (k), s")(1))o and therefore (i,1)o* and
(k,1)oP. The other clauses of 0”7* are respectively the cases for T and D
above.

Ly L,= DTB If I(i) < (k) and (i, k)oB = I, by inductive hypothe-
sis ( (1),b(1))a?, (s"®@)(E), b(1))oP; by the definition of o, we know that

= (h(i), h(k )) = (h(i),h(b(b(3))))o); therefore (i,l)o? and (k,l)o”
The other cases of the 0PTB are respectively the cases for T and D above.

We have thus proved the inductive base for the lemma. We can now
assume that the lemma holds up to the n-th application of o¥*"». By the
definition of o7, (s"(i),s™(k))or =wo=s'(l) and (c"(i),c™(k)j)otrLn =
c (1), but, by the inductive hypothesis, (s"(i ) L))o and (s™(k), s'(1))or.
By the property we have just proved for a%+In (¢(i), cl(1))olrEn and
(c™(k), c(1))otrEn | which implies (i,1)or and (k,1)op.

For S5 if min{i(¢),1(k)} = 1, we have (i, k)ogs iff (h(i), h(k))o, whence,
if ¢ is restricted, then (i, k)ogs =h(i) =1 and thus (i,1)ogs, i.e., (h(%), h(i))o,
and similarly for k; otherwise (¢, k)ogs = h(k) = [, therefore for the same
reason as in the previous case (k,l)ogs and (i,1)ogs. If min{l(3),1(k)} > 1
we can repeat the same argument of the other case with the difference that
I = (h(i), h(k)o, (s1(i), s*(k))o). O

3.2 Term Unifications

In proving formulas of L we use terms associated to world domains and
complements. Therefore we need a tool which tells us when two such
symbols denote the same individual(s) relative to a given world.

Given a set of labels £ the p-unification is just the usual unification
with the constraint that an indexed variable (z,);, ¢ € S, p-unifies with
a term t either if such a term is a constant a,, attached to a label k € £
(i.e., k[a]), such that (i, k)or, or t is a variable; two indexed variables,
for example (z,,); and (z,)g, p-unify iff (i, k)o-unify. Formally:

t if t =t
/ (t); ifi=Fk
(®)i, @)r)p = Oipyo, i (i k)or
t if t € D(ko%)
t if t' € D(iof)

where D(ic£) is the set of constants extracted from the [] part of the head
of ¢ and from the [] part of the head of the labels in £ unifying with 4.
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4 Inference Rules

In displaying the rules of KEM we shall use Smullyan-Fitting (Fitting
1983) «, 3,7,0,v, ™ unifying notation that classifies signed formulas as
shown in the following tables.

(6% aq Q2 5 51 52
TANB |TA|TB| FANB | FA | FB
FAvVB | FA| FB| TAvB |TA |TB
FA—-B|TA| FB|TA—B | FA|TB

T-A FA| FA F-A TA | TA

TABLE 1 Classification of a- and (-formulas

14 o s 0
TOA | TA | TCA | TA
FOA | FA | FOA | FA

TABLE 2 Classification of v- and w-formulas

Y Yo J do
TVZA | TAG) | T3zA | TA(Q)
FazA | FA(Y) | FYzA | FAQt)

TABLE 3 Classification of v- and §-formulas

X denotes the conjugate of X, i.e., the result of changing the sign of X
to its opposite; two LS-formulas X (t),i and X (#'),k such that (i,k)or,
and (¢,t")p will be called o, p-complementary. We shall write a S-formula

also as 01, fa)-

Propositional Rules

a-rules
B-rules
(51 (tl)ca@ (), k
l
63— (53”_(5));]{; l)UL [(ka Z)UL and (tn7 t)p]

The a rules are just the familiar linear branch-expansion rules of the tableau
method. In place of the usual tableau branching (§ rules we have a set
of linear 2-premise 3 rules which represent well-known natural inference
principles (such as disjunctive syllogism and its dual, modus ponens, and
modus tollens).

Quantifier Rules
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~y-rules
v, z[[al., | (2, new]
Vo(xm)iv Z[[al, ceey anﬂ
J-rules
5’i[[a17'--,anﬂ )
P
5O(am),7:[[a1,...,an,am]] [h(l) € Po,ay new]
(57i[[a1,...,an]] ‘
P
50(0’771)7 i[[al, ey anﬂ [h(l) € V,Qm neW]

The v rules are the usual “universal” rules of tableaux method but the
variable is indexed by the current label; this means that the range of quan-
tification is the domain of the world(s) denoted by 3.

The ¢ rules are the usual “existential” rules of the tableau method mod-
ified in such a way as to add the instantiation of the quantified variable
to the “domain” of the current label, i.e., the constant names an individ-
ual in the domain of world denoted by 4; notice that constants cannot be
attached to unrestricted labels according to their intuitive interpretation:
the individual rigidly designated by the constant might not be in all the
worlds named by the label.

Modal Rules

v-rules
V? i -/ .
ﬁ[z unrestricted and new]
vo, (7,4
m-rules
™, 1 ./ .
R [i" restricted and new]
0, )

The v and 7 rules are as usual where “new” in the proviso means that the
label does not occur previously in the tree.

Domains Rules
Atomic domain rule

I / .
TPay,...,a.,, ifai,...,an]

7 I . 7
TPay,...,a.,  ifa1,...,an,a, ... al]

This rule corresponds to the basic semantic condition concerning atomic
formulas: a predicate is satisfied in a world only by n-tuples of individuals
existing in the domain; therefore, the constants are denoting in the domain
associated to the world whence we take care of it discharging the constants
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in the label. On the other hand, a false atomic formula does not entail
the existence of individuals in the domain. According to the semantic
interpretation of “=" we do not discharge the constants occurring in such
a predicate in the label.

Binding rules

TX(z,),i FX(an),i
m [Wm HGW] FX(am)7 i [am new]

These rules correspond to the basic assumptions concerning the semantics
of open formulas; notice that (x,)w,, ranges over the whole D. In this way
we bind open formulas.

Domains rule

ilat,...,an]laq, ..., ar]
klay, ..., ap]las, - .. ai]
(t,k)orlar,...,an,a},....a]laq, ..., aral, ... a
Increasing domains rule
ila, ... an]laq, ..., ar]
klay,...,a. ]ld.,..., a
: [[0’17 7a’m]][a’sa ;at] ; [k/’ extends Z]
ila, ..., an]lag, ... ar, ag, ..., a
Klai,...,an,dy, ... a.]as,. .., a;

Decreasing domains rule

ilat, ... an]lag, - - ., ar]
! ! ! !
. k[[a’lv < ';a’m]][a’s/a st aat] [k extends Z]
ilar,...,an,a1,...,an]laq, ..., ar
klay,....a]lags. .. aral, ... ay

Symmetric domains rules

ilat, ..., an]laq, ..., ar]
/ / I /
- k[[a,l’ — a/m]][as, e O] y —[i immediately extends k|
ilat, ... an,al,...,anllaq, - -, ar, ag, ..., a]
klai,...,an,d, ... a0 lag, ... ar,al, ... a}]

The domains rules remind of Gabbay’s (1994) visa rules and allow us to
“move” individuals through worlds according to the domains conditions.
Symmetric domains rule holds only for increasing and decreasing domains.

Identity rules
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Complement rule
T(x); # am, k

tlat, ..., an, amn)

Indexed variables range over the domain of the attached world(s), but the
formula states that no value of (x); is am, S0 @y, is not in the domain
whence it is discharged in the label as an element of the complement.

Identity PNC

Fa, = a"’i(i i)a
» B} L

This rule states, intuitively, that no element is different from itself.

Substitution rules
Identity substitution
Tt=1t' i
Xtk
Xt k
Where icf = {j € £ : (i,j)or}. Identity substitution corresponds to
Leibniz’s principle.

[iof # 0]

Domain substitution
X(m)ia k . L
———lan €D
X fan k€ PUoL)
Domain substitution states that a variable indexed with a label ¢ may be
substituted by any constant whose denotation is in the domain of the world
denoted by the label.

Structural Rules

PNC

Tk)o’ [(Z, k)O'L and (t, t/)p]

X
~

PNC (for Principle of Non-Contradiction) corresponds to the familiar
branch-closure rule of the tableau method, saying that from the occur-
rence of a pair of o p-complementary LS-formulas X (¢),i and X (¢'), k
we may infer the closure (“x”) of the branch. The (i, k)oy, in the “conclu-
sion” of PNC means that the contradiction holds “in the same world” for
the same individual.

11
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Terms PNC
ilar,...,an,a]lal,...,a
X

Besides the usual closure rules, PNC and Identity PNC we use the above
rule stating that no individual can be at the same time in the domain and
in the complement of a given (existing) world.

PB

————~—[¢ restricted
X, 1 X% g [ ]
When we split with respect to X (xn»)g, after the application of PB, z, should be
instantiated, in both branches, to the same constant. PB cannot be applied to

formulas containing variables not bounded by a label.

PB (for Principle of Bivalence) is a 0-premise branching rule which plays the
role of the cut rule of the sequent calculus (intuitive meaning: a formula A is
either true or false in any given world, whence the requirement that ¢ should
be restricted). We restrict ourselves to an analytic version of PB as exposed
by D’Agostino and Mondadori (1994), Artosi and Governatori (1994) and
Governatori (1996). In particular, PB will be applied to subformulas of
unanalysed ( formulas already occurring in the branch; informally an LS-
formula is unanalysed in a branch if its appropriate components do not
occur in it. As it is well known (Smullyan 1968), what destroys analyticity
is losing the (weak) subformula property (Fitting1990), and not having a
cut rule restricted to subformulas. Otherwise each tableau system would
not be analytic, since from the formula =(A — B) we obtain two nodes
containing respectively =A and B, but, obviously, = A is not an immediate
(strong) subformula of =(A — B). Nevertheless, a clever and ruled use
of the cut could reduce sharply the complexity of the proof (Boolos 1984,
D’Agostino and Mondadori 1994). Moreover it can be used to check closure
in a modal setting. In fact we might define a procedure called “modal PB”
which is applied when two complementary, but not or-complementary,
formulas occur in a branch to verify whether a restricted label unifying
with both the labels of the complementary formulas occurs previously in
the branch; if such a label exists, or can be built using already existing
labels and the unification, then the branch closes (Governatori 1996).
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5 Examples

1. FVYzOIyO((mA N (x £ y)) — OO0—=(A — Px)) w1
2 FQHyD((A A\ (a1 75 y)) — DOﬁ(A — Pal)) w1
3. FIyO((AA (a1 #y)) — OOC~(A — Pay)) (Wi, w1)
4. FO((AA (a1 # ywswy))) = BOC(A — Pay)) (W1, w1)
5. F((AN (a1 # ywyw))) — BO=(A = Pay)) (w2, (Wi, w1))
6. T(AA (a1 # yw, w))) (w2, (W1, wr))
7. FOO=(A — Pay)) (w2, (Wi, wr))
8. TA (’wg, (Wl,wl))
9. Tar # Yw,,un) waaq], (W1, w1))
10. F<>—\(Pa1 — A)) (’LUg, w2 [al], (Wl, wl)))
11. TA— Pa1 (WQ, (’wg, (wg[al], (Wl,wl))))
12. TPCLl (’LUQ [al], (’wg, (’wg [al], (Wl, wl))))
ﬁ. TPa, (wea1][a1], (ws, (walas], (W1, w1))))

The steps from 1 to 8 are straightforward; step 9 is obtained from the
formula in 6 by an application of an a-rule and the complement rule to the
resulting formula discharging then the constant in the label; steps 10 and
11 are obtained by the usual 7- and v-rules. At this point we may apply
a (-rule and the Domain rule on the LS-formulas in 8 and 11 (notice that
their labels og4-unify) from which 12 follows; finally, by an application of
the Atomic domain rule on T'Pa; we infer that a; belongs to the domain
of the label, obtaining a contradiction (terms PNC).

1. FOVz(z # a1) — YzO(x # a1) w1
2. TOVz(x # a1) w1
3. FVzO(x # a1) w
4. TVz(x # ay) (Wi, wn)
5. FD(GQ 7é al) w1 [[ag]]
6. T(.Z’(thl) 7é al) (Wl, wl)
7. F(ag # a1) (w2, w1 [az])
8. T(l'(wl,wl) #a1) (Wilai], wi [az])
9. T(2(wy,wy) 7 a1) (Whlaz][a1], wi[az])
10. x

Steps 1-4 are straightforward; 5 is derived from 3 by an application of a
o-rule, discharging the new constant in the domain; step 8 is obtained by
the complement rule on 6; at step 9, the increasing domain rule allows us
to move ag from wy to (Wi, w;); at this point the LS-formulas in 7 and
9 are o, p-complementary since ((W1,w1), (w2, w1))or and (2w, w,), a2)p
since az € D((W1,w;)o%), where L is the set of labels occurring in the
tree.

13
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1. FVz(Qay — O(Pzx — Jy(a1 = y))) w1
2. F(Qa; — O(Pxy, — Jy(a1 = y)) wi
3. TQa1 w1 [[alﬂ
4. FO(Pxy, — Jy(a1 =vy)) wi Jaq]
5. FPxy, — Jy(ar =y) (we, w1 [a1])
6. TPz, (we, w1 a1])
7. F3y(ar = y) (w2, wifa1])
8. Fa1 = Y(ws,un) (wa, w1 [a1])
9. Fay = y(uw,,wy) (wala1], wifas])
10. TPa1 ( [0,1] w1 [[(11]])
11.TPa1 (wg[[alﬂ[al] w1 [[(11]])
12. %

In this proof at step 3 the atomic domain rule discharges a; in the label,
whereas at step 9 the complement rule ensures that a; is not in the domain
of (wa,w1), but x4, can be substituted by any constant in the domain of w;
(D(w1)o%), therefore we replace it with a; thus obtaining 10, from which
11 follows by an application of the atomic domain rule. The LS-formula in
11 states that a; belongs at the same time both to the domain of (wa,w;)
and to its complement, whence terms PNC closes the tree.

6 Soundness and Completeness

In this section we sketch a proof of the soundness and completeness re-

sults in the same way as that given by Artosi Benassi Governatori and

Rotolo (1996). Let M = W, R, D, e,v) be an L-model where: W = &

R is a binary relation on W; D is a non empty set of individuals; e and v

are as before. In what follows we define some functions translating labels

and terms into elements of M according to the structure of the labels.
Let g be a function from 3 to (W) thus defined:

h(i) = {h(i)} if h(i) € e
g(i) = { (i) = {w; € W: g(b(i))Rw;} if h(i) € Dy
i=W if i € Oy

Let ¢ be a function of value assignment from € U to p(D) thus defined:

e(g(i)) € p(D) ift=(x,); €T
!t) = { {df} € p(g) otherwise

intuitively, ¢ assigns locally to a variable (x,); the set of individuals asso-
ciated to the world denoted by the label 7 by means of wich x is indexed.
If ¢ is restricted ¢((xy)i) = e(g(7)), otherwise ¢((xy):) = Ne(g(7)).
Let r be a function from & to R thus defined:
(i) = { 0 if 1(i) =
g(iHRg(i?),...,9(" HRg(h(i)) ifl(i)=n>1
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Let f be a function from LS-formulas to v thus defined:
F(SA D) =ger v(A,w;) =8

for all w; € g(7).

Lemma 6.1 For any i,k € S if (i,k)or then g(i) Ng(k) # 0.

Proof. The proof is by induction on the number of applications of o
in ;. We need first to prove the following:

Lemma 6.2 For any i,k € S if (i,k)ol then g(i) N g(k) # 0.

Proof. The proof is by induction on the length of labels. If min{i(i),(k)} =
1, then at least one of ¢ and k is either a constant or a variable, so that
five cases will be present. By the definition of unifications i, k are either:
i) two constants, or ii) a variable and a constant, or iii) two variables, or
iv) a variable and a label, or v) a constant and a label.?

Case i) Two constants unify if and only if they are the same constant,
and so ¢ = k; therefore from the definition of g, g(i) = g(k) and so g(i) N
g(k) # 0.

Case ii) If 4 (resp. k) is a variable and k (resp. 7) is a constant, then
g(i) =W and g(k) € p(W) therefore also in this case g(i) N g(k) # 0.

Case iii) and iv) These cases are identical to the previous ones because:
1) W is not empty, and 2) the variable is mapped to W and the label to
some world(s) in it.

Case v) This case implies that (i,k)o” or (i,k)o”. Let us assume, for
the sake of economy, that (i) = 1 and (k) = n > 1. If (i,k)oT, then for
each h(s(k)) such that I(s(k)) > 1 either h(s(k)) € @y, or h(s(k)) = i;
therefore r(k) = iRk?,... k" 1Rk™. If k* € ®y, then k? denotes the set
of worlds accessible from i; if k2 € ®¢, then i = k, but, through reflexivity
i C k2, so we take i as a representative of the set denoted by k2, which
implies iRk®. We repeat the same argument until we arrive at iREk™: if
k™ € ®¢, then ¢ = k™ and so they denote the same world; if ™ € ®y, then
it denotes the set of worlds accessible from ¢; but ¢ belongs to such a set,
therefore, in all cases g(i)Ng(k) # 0. If (i, k)o?, then h(k) € ®v, (i, h(k))o
and (i,b(b(k)))o; moreover r(k) = k'Rk% k?RK3, but k' = i, and, by
symmetry k?Rk', which implies k' N k3 # (), therefore g(i) N g(k) # 0.

For the inductive step we have min{l(¢),l(k)} = n > 1. Let us assume
inductively that the lemma is valid up to n; if I(¢) = I(k) we shall write
i and k as (h(i),b(i)) and (h(k),b(k)), respectively. If (i,k)o”, by the
definition of o we get (b(i), b(k))o?, for which the lemma holds; let w; be
one of the worlds shared by b(i) and b(k), whence w;Rh(i) and w; Rh(k).
We have now only to analyse what kind of labels are h(i) and h(k), which

Ly--Ly,

3Cases ii), iii), and iv) are not found in K EM proofs, but they are useful both for
dealing with cases in the inductive step and for case v).

15
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falls under the cases i), ii), and iii). Cases i) and ii) are the same as the
inductive base. We have thus to examine case iii). Both h(i) and h(k)
denotes the set of worlds accessible from wj;, but such a set is not empty
because of the seriality of R. If (i,k)o” we repeat the argument for D
apart from cases iii), iv), and v) of the base which are not allowed in o*€.

If 1(3) # I(k), we shall assume that 1(i) < (k) (the case I(k) < (i) is
dealt with in the same way). If (i, k)0 and h(i) € ®¢ then (i, 5"V (k))o P,
therefore, combining the proofs of the previous case and case v) of the
inductive base we obtain the desired result. If h(i) € @y, then for all
k™ mn < 1(z), (h(i),h(k))o = (h(i), k™)o which means g(i) N g(s™(k)) # 0,
and in particular g(i) N g(s"®(k)) # 0.

If (i, k)o* then h(i) € ®y and (b(3), s*D~1(k))oP, for which the induc-
tive hypothesis holds; let w; be such a shared world. h(i) denotes all the
worlds accessible from wj;, but, due to transitivity, the world(s) denoted by
h(k) belong(s) to h(i) and so g(i) N g(k) # 0.

If (i,k)oB and I(i) < I(k) then h(k) € ®y and (i, b(b(k)))o, for which
the inductive hypothesis holds; let w; be such a shared world. By repeating
the same argument as for case v) of the base for B we get g(i) N g(k) # 0.
O

We return to the proof of the main lemma. If o7 consists of a single
step of ol1En then (i,k)or = (i,k)orrI»; by Lemma 6.2 we obtain
g(i) N g(k) # 0.

Let us assume, inductively, that the lemma holds up to n. If o con-
sists of n + 1 ol Ln_unifications, (i,k)or = (c'(i),c*(k))orr = where
(s%(i), s*(k))or, which contains n applications of o%+*F» and the lemma
holds for it. We can now repeat the argument of Lemma 6.2 with respect
to (¢'(i), c¥(k))olrEn | proving thus that g(i) N g(k) # 0. O

Lemma 6.3 For any t, t', if (t,t')p then 1(t) Nu(t') # 0.

Proof. The proof is obtained by assuming the non-emptyness of the domain
of the worlds, by using as a preliminary condition the Lemma 6.1 and finally
by checking the cases: i) both ¢, and t' are constants, ii) t is a constant
(variable) and t’ is a variable (constant) iii) both ¢, and ¢’ are variables. O

Lemma 6.4 For any i,k € S and t,t', if f(SA(t),i), (i,k)or and (t,t')p
then f(SA(t), (i,k)or).

Proof. Let us suppose, by contradiction, that the lemma does not hold, so
the proof trivially follows from Lemma 6.1, Lemma 6.3 and the definition
of f. O

Theorem 6.5 =;, A <+ A.

Proof. The proof is similar to that given by Hughes and Cresswell (1968)
and Gabbay (1976). O
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Theorem 6.6 }_L A= }_KEM(L) A.

Proof. For a detailed proof for the propositional, first-order and modal
fragments see D’Agostino and Mondadori (1994), Artosi Benassi Governa-
tori and Rotolo (1996), and Governatori (1996). We prove the axiom of
modal identity:

1. F( 5) — D(t #* ) w1y
2. Tt w1
3. FD(t 7é S) w1
4. Ft ;é S (we,wy)
5. Tt = (wg,wl)
6. Tt#t w1
7. %

The others identity axioms are easily derivable in K EM in a similar way.
|

Theorem 6.7 Fxpy) A= L A

Proof. The a-rules and PB are obviously sound rules in M. For the g-rules
and PNC: by the hypothesis (I, k)or and (d,d')p, then, by Lemma 3.1,
(i, (i, k)or)or and (k, (i,k)or)or hence, by Lemma 6.4, the formulas in-
volved have the same value in g(i), g(k) and g((i,k)oy); after that these
rules become rules of K FE, and thus they are sound rules in M.

For the Domains Rule. If (i, k)o then by Lemma 6.1 g(i)Ng (k) # 0. We
have thus to consider three cases: Case i) h(i), h(k) € ®¢; then g(i) = g(k:)

and so (i, k)orar,...,an,al, ... alllag, ..., ar,al,. .., a;]. Caseii) h(i) €
@y and h(k) € ®¢ (or vice versa); then g(i )ﬂg(k) (k) Each w; € g(3) is
such that w;[a1, ..., an][aq, ..., ar], and g(k) is g(k)[a’, ..., al,][a%, .. ., ail,
and so (i,k)orfar,...,an,al, ..., a]laq, ..., ar,al, ..., ay]. Caseiii) h(i),
h(k) € ®y; g(i) Ng(k) = g((i,k)or). Any worlds w; € g(¢) and wy, € g(k)
are such that w;[a1,...,an][aq,-..,a;] and wgfal, ..., a),]a, ..., af, so
(t,k)orlar,. .. an,al, ... a]laq, ..., ar,al, ..., ayl.

For the Increasing Domains Rule. We know that k extends i, so
g(i)R™g(k) or g((i,s(k))or)R™g(k) by Lemma 6.1; however both cases im-
plies e(g(i)) C e(g(k)), and so kfai,...,an,d}, ..., al Jlal, ..., al.

The proofs for the Decreasing- Increasing Symmetric- Domains Rule
are similar to that for the Increasing Domain Rule.

For the Atomic domain rule. By the semantic conditions, for any w €
g(1), v(P™ w) C e(w)™. Therefore, if Paj,... al, is true in w, then
(ay,...,a..) € v(P™,w) and so each ay, 1 <k < m, is in w.

For the Binding rules. The proof for these rules is straightforward
according to their semantic interpretation.

For the v-rules. We show the proof only for v = TVxA(x) (the

other case follows by the usual interdefinability of quantifiers). Let us

17
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suppose that it does not hold, then v(VzA(x),g(i[a1,...,a,])) = T and
v(A(zn)i, g9(ifar,...,a,])) = F. By the semantic conditions we have
v(A(an),g(ifa])) = F, 1 < h < n, which falsifies the hypothesis.

For the d-rules. We show the proof only for § = T3z A(z) (the other case
follows by the usual interdefinability of quantifiers). Let us suppose that i €
Do, v(FzA(z),9(i[ar,...,as])) = T and v(A(am), g(ifar, ..., an,an])) =
F, thus we have T—A(a,,). Since a,, is new to the branch, then TVz—A(x)
and so T3z A(z), contrary to the hypothesis. The proof for i unrestricted
is similar.

For the Complement rule. Let us suppose that this rule is not sound.
Then a,,, does not belong to the complement and so a,, exists in 7. There-
fore, (t(am), tlam)) & v(=,9(i)) contrary to the semantic definition of =.

For Identity PNC. The proof for this rule is trivial. It is worth noting
that such a rule is sound because of the global interpretation of identity. A
formula as a,, = a, is true in any world w even if a,, does not exist in w.

For the Identity substitution. Since Tt = t’,4, by the rigidity condi-
tion ¢t and t' denote the same individual in every world, so v(Xt, g(k)) =
v( Xt g(k)).

For the Domain substitution. Since (x); ranges over the domain of indi-
viduals existing in ¢ and a,, exists in 4, so v(X (x);, g(k)) =v(X(x);/an, g(k)).

For Terms PNC. The proof for this rule is straightforward. In fact, it
is contradictory to state that an individual exists and, at the same time,
does not exist in a given world.

For the v-rules. Let us suppose v = TOA; for all w; € g(¢) and
for all w,, € g((¢,7)), v(OA,w;) = T; but v(0A,w;) = T iff Yw, :
W Rwp,, v(A,wy,) = T, and (Vwy, : wjRwm, v(A, wy) = T) = f(vo,i)
with 4/ unrestricted. The proof for the m-rules is similar. O

From theorems 6.5, 6.6, and 6.7 we obtain:

Theorem 6.8 l_KEI\/[(L) A — ':L A.
7 Final Remarks

The interest in the system just presented is that it provides a uniform
“natural” treatment of QML augmented with the identity predicate, by
solving the difficulties coming from this assumption with a simple “se-
mantic” engine. In the last ten years several theorem proving systems for
first-order modal logic have been proposed, but all suffer of severe limita-
tions. The use of the resolution-like methods (such as in Abadi and Manna
1986, Auffray and Enjalbert 1992) constraints one to treat the modalities
in a non-uniform manner by defining ad hoc rules (modal dependent) to
pre-process the input formulas. For this reason, sequent/tableau inference
techniques (Fitting 1993, Jackson and Reichgelt 1989) appear more ade-
quate. However, both resolution and sequent/tableau inference rules of the
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systems quoted above fail to solve the problem associated with the non-
permutability of the quantifier and modal rules. Wallen’s (1990) matrix
proof method overcomes all these shortcomings. Nevertheless, it works
only for a few standard modal logics since it does not cover the “symmet-
ric” B logics. Jackson and Reichgelt’s (1989) sequent based proof method
is the most similar to ours. This system indexes the terms chosen to in-
stantiate the quantified variables with the path that names the world in
which the inference is done; so to find the (possible) countermodel to halt
the proof, it is necessary to match the paths of the contradictory formulas,
occurring in the proof-tree, and the ones of the terms. This operation is
by means of a unification algorithm that needs some pieces of “external”,
“intelligent” reasoning about the appropriate accessibility restrictions. On
the contrary, the method we propose is actually a natural answer to these
problems. The inferencial scheme runs without normal-forms or transla-
tion procedures. Furthermore, it offers a simple solution to the permutation
problem by making the search-space wholly insensitive to the application
order of modal and quantifier rules. The label unification scheme avoids
skolemization and recursively embodies the conditions on the accessibility
relation for the various modal logics, thus dispensing proof search from any
piece of “external” reasoning. K EM language and rules allow us to take
care not only of the first-order and modal part but also of the structure of
labels (worlds and domains in Kripke models) and the relationship between
labels and formulas: the Complement rule points out the conditions under
which individuals are (non-)existing in a world; in this perspective it is
possible to infer closure from labels corresponding to worlds that cannot
exist, i.e., worlds that both contain and do not contain one and the same
individual (terms PNC).
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