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Abstract. In this paper we present a labelled proof method for compgution-
monotonic consequence relations in a conditional logitirgetThe method is
based on the usual possible world semantics for conditiogét. The label for-
malism KEM , introduced to account for the semantics of normal modat#yg
is easily adapted to the semantics of conditional logic Iogpdy indexing la-
bels with formulas. The inference rules are provided by ttopgsitional system
KE* —a tableau-like analytic proof system devised to be usel bsta refu-
tation and a direct method of proof— enlarged with suitabbimieation rules
for the conditional connective. The resulting algorithrfi@amework is able to
compute cumulative consequence relations in so far as teype expressed as
conditional implications.

1 Introduction

Recently, a number of proposals have been put forward to fimdfging approach to a
plethora of different nonmonotonic formalisms, and eveandy such seemingly dis-
tant areas as conditional logic, nonmonotonic inferenekebrevision and update. We
refer, in particular, to Shoham’s_[20] general semanticriigavork for nonmonotonic
logics, Kraus, Lehman and Magidors |16] approach to nonotomic consequence re-
lations, and Katsuno and Satohi’s [15] “unified” semantiawigll these approaches
are based on a preference (ordering) semantics and exXpdofittong semantic con-
nections between nonmonotonic inference and conditiaggt! In this paper we shall
take a different view of what a suitable “unifying” framevikdooks like. In our view

such a framework must pay greater attention to the compui@taspects and to proof-
theoretical formulations. This view finds strong justifioatboth in the aim of compar-
ing and combining different logics, such as the logic of nontonic inference and
conditional logic, and in the potential applications of mamotonic inference in the Al
field. Accordingly, our purpose in this paper will be to prdeia methodology for the
proof theoretical treatment of nonmonotonic inference aodditional logic (hence-
forth CL). We shall outline the fundamentals of a tableauopsystem construction
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aimed to compute nonmonotonic consequence relations inoadtonic) CL whose
“flat” (i.e., unnested) fragment is shown to correspond taus; Lehmann and Magi-
dor’s [1€] basic systend’ for cumulative relations. We shall give this construction a
special presentation as an algorithmic proof system whéels @ labelling discipline, in
the wake of Gabbay's [11llabelled Deductive Syster(isDS), to generate and check
models. This closely reflects Gabbay'’s view of what a unifyfiramework for present-
ing and comparing logics comprises.

A detailed discussion of the merits of LDS as a unifying framek is beyond the
scope of this paper. However, a key feature of LDS is worthtioaimg. LDS are in gen-
eral very sensitive to the various features of differenidego that differently motivated
and formulated logics can very often be combined in a simpiereatural way provided
we have a suitable LDS formulation for them (see €.dl112/3)s well-known, several
attempts to establish close semantic connections betwa@manotonic consequence
relations and (monotonic) modal and conditional logicdabty by Boutilier [4] and
Katsuno and Satoh [1L5], rely on Kripke structures very closKraus, Lehmann and
Magidor’s “preferential” models. In particular, Boutitigd] has shown on this basis that
Kraus, Lehmann and Magidor’s[i[6]18] stronger consequegiation system#® and
R and Degrande’s[7] logi&v closely correspond to the flat parts of modal CLs defini-
tionally equivalent to the standard modal syst&dsandS4.3. In LDS the usual modal
semantics is incorporated in the syntactic label condtrn@nd only minor variations
are needed to pass from a logic to anoth®nl[1]3,12]. So, aneetamated LDS fo84
andS4.3 is available, a wide range of logics admit computationadtireent. However,
if we wish automated LDS for CLs on their own, or we are intexdsn a less restricted
fragment of the conditional language, only slight natuberges in the modal LDS are
needed to yield the appropriate semantics: in the LDS to ésgmted in this paper only
a simple indexing of labels with formulas.

The approach we propose in this paper can be motivated also dnother per-
spective. Farinas del Ceret al. [9] have recently emphasized the need for a more
computational treatment of nonmonotonic inference. Thtéhotkethey propose for this
task consists of reducing computation to a validity test ifmanotonic) CL. This is
viewed as a first step towards the “effective computationf.nonmonotonic inference
relations via automated deduction method” in conditiongid. Unfortunately, CL is
not particularly well suited for this task. Indeed, its irdatial structure has not been
sufficiently explored to provide reliable automated dedtuctethods for effectively
computing the inferences sanctioned by nonmonotonicénfeg relations. We know
only two attempts in this direction: Groeneboer and Deldees [13] and Lamarre’s
[17] tableau-based theorem provers for some normal CLsotlin &pproaches a condi-
tional formulais checked for validity by attempting to ctmigt a model for its negation.
What we undertake in this paper can be viewed as a furtheirstbpe same direction,
as in our approach nonmonotonic consequence relationsecaffdrtively computed
by a countermodel validity test for the corresponding ct#sonditional formulas.

We shall proceed in the following way. First we briefly relsaKraus, Lehmann
and Magidor’s [[15] sequent systefdl for cumulative relations. Then we introduce
Lewis-type semantic structures akin to the kind of modeésius characteriz€. Such
structures will allow us to establish a correspondence éet@ and the flat fragment
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of a suitable extensio@U of Chellas’ [5] basic normal syste@K. At this point, we
shall be able to show how cumulative relations can be effelgtcomputed by an LDS
provided by a tableau-like proof system together with all&drenalism adequate to rep-
resent the intended semantics. The system is presented steéyws. First, the labelling
(formalism + label unification) scheme introducedlih [1] teaunt for the semantics
of normal modal logics is adapted to represent Lewis-typaaseic structures fo€U.
Then suitable tableau inference and label propagatios are introduced which pro-
vide a sound and complete proof system for the flat fragmetGf These rules are
implemented on a classical propositional system designée tused both as a refuta-
tion and a direct method of proof. Finally, we provide sommaaeks on computational
issues and related works.

2 Nonmonotonic Consequence Relations and Conditional Logi

The study of nhonmonotonic consequence relations has besgertaken by Gabbay
[L0] who proposed three minimal conditions a (binary) ceopusace relatior~ on a
languagel. should satisfy to represent a nonmonotonic logic. More mégeKraus,
Lehmann and Magidol[16] have investigated the proof-teoand semantic proper-
ties of a number of increasingly stronger families of nonotonic consequence rela-
tions. In particular, they have provided the following sequsystemC to define the
(weakest) class of cumulative consequence relationsctosely corresponds to that
satisfying Gabbay’s minimal conditions (we assume thaind |~ are defined on the
languagé. of classical propositional logic).

AR A (Reflexivity)
FA=B ApRC
BRC
ANB~C ApRB
AR C

FB—-C ApB
AR C
ArB ARC

AANBpC

Notice that the following

AB ApRC ArB BRA
ArBAC M ARCc = BRC

Right Weakening Left Logical Equivalence

Cut

Cautious Monotonicity

CSO

are derived rules of’. A sequentd |~ B, A, B € L (intended readingB is a plausi-
ble consequence of), is called aconditional assertionThe (proof-theoretic) notion
of cumulative entailment is defined for such assertions./L&e a set of conditional
assertions. A conditional assertignj~ B is said to becumulatively entailedby I” iff
A |~ B is derived from[” using the rules o€.

Let L~ be the language obtained by adding the conditional conreestio L. The
set of (well-formed) formulas of.~. is defined in the usual way. Formulas bf are
interpreted in terms of Lewis-type semantic structures ékithe kind of models used
by Kraus, Lehmann and Magidar [16] to charactelize

More precisely, it is enough to introduce some constraisee @efinitiol2) on the
basic selection function model presented in definifion 1.
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Definition 1. A selection functior{SF’) modelis a triple M = (W, f,v) where

1. W is a nonempty set (of possible worlds);

2. fis a selection function which picks out a subgétl, «) of W for eachu in W
andA € Ls;

3. v is a valuation assigning to eachin W and A € L. an element from the set
{T,F}.

Truth of a formulad at a worldu in a modelM, M =, A, is defined as usual with the
conditional case given by

M =, A> Biff f(A,u) C ||B| (1)

where || B|| denotes the set aB-worlds, i.e.,|B|| = {w € W : v(B,w) = T}. A
formula A is valid (=sr) just whenM =, A for all worlds in all SF models.

Definition 2. A selection function cumulative modébFC) is an SF modelM =
(W, f,v) satisfying the following conditions:

1. f(A,u) C||A] (Reflexivity)
2. If||4]| = ||B]|, thenf (A, u) = f(B,u) (Left Logical Equivalence)
3. If f(A,u) C |[B||, thenf(A A B,u) C f(A,u) (Cut)

4. If f(A,u) C||B|,thenf(A,u) C f(AA B,u) (Cautious Monotonicity).

Notice that from 3 and 4 we obtain
f(A’u)g||B||:>f(A/\B’u):f(Avu) (2)

Itis not hard to see that the class$if'C' models fits exactly the conditional logic —call
it CU— containing classical propositional logic and the follogyiaxioms

1.A> A (ID)
2.(A>B)A(AANB>C)D(A>C) (RT)
B.(A>B)ANA>C)D(AANB>C) (CM)

and closed under the usual inference rutgd~A and RCK . Notice that/D, RT, CM ,
RCEA, andRCK correspond, respectively, to Reflexivity, Cut, Cautiougidmnicity,
Left Logical Equivalence and Right Weakening. Of couS&] is nothing but Chellas’
[B] conditional logicCK + ID augmented wittRT and CM . A standard Henkin-style
construction proves the completenes€df with respect to the class ¢fF'C models.

Theorem 1. =gpc Aiff Fou A.

WhetherCU is interesting in its own rights is an issue which need noaidats here.
What matters is that we can establish a mapping betwesamdCU similar to the well-
established correspondences betwéeh [16]'s strongamsg$t andR. of preferential
and rational relations and the flat fragments of well-knownditional logics.

Let g denote the consequence relat®and letK ~ denote the conditional logic
K restricted to the formulas of the formd > B where A, B € L. A consequence
relation}~ is defined byan SF' model M if the following condition is satisfied4 |~ B
iff M = A > B. Aconsequence relation systéhis said tocorrespond t@ conditional
logic K if the following condition is satisfiedd |~ B iff Fx- A > B.
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Theorem 2. The consequence relation systéhrcorresponds to the conditional logic
CU.

The theorem follows from showing that the axioms and rulegStfare straightforward
translations of the rules of and thatA |~ B is the consequence relation defined by
an SF'C model. From this it follows as a corollary that a consequertation |~ is
cumulative iff it is defined by som&FC model. The same holds for the notion of
cumulative entailment. For a s€tof conditional assertions let us denote Bythe set
containing theCU™ translations of the conditional assertiondir(i.e., A > B € I’

for eachA |~ B € I'). The following corollaries follow immediately from Theam[2
(see Corollaries 3.26, 3.27 and 3.28[0fl[16] for comparison)

Corollary 1. Let I" be a set of conditional assertions andj~ B a conditional as-
sertion. The following conditions are equivalent. In caseythold we shall say thdt
cumulatively entailsA |~ B.

1. A > Bis derived from/™’ using the axioms and the rulesGU.
2. A > Biis satisfied by allSCF models which satisfy”.

Corollary 2. A set of conditional assertions cumulatively entailsA |~ B iff Fcu
NI — (A> B).

We conclude that the syste@ may be viewed itself as a restricted CL of the stan-
dard (normal) type provided the relation symbolis interpreted as a-type condi-
tional connective. With this background we shall be abléhaupcoming sections, to
provide an algorithmic framework for computing cumulateensequence relations in
so far as they can be expressed as conditional implications.

3 KEM for Nonmonotonic Consequence Relations

KEM [d] is an algorithmic modal proof system which, in the spafitGabbay’s[[11]
LDS, brings semantics into proof theory using (syntactid)els in order to simulate
models in the proof language. In this section we show howrit lwa extended, with
little modification, to handleC. In what follows £ will denote the sublanguage éf.
including L and all the boolean combinations of formulas of the foim> B where
A BeL.

3.1 Label Formalism

The format of the labels has been designed to cover genessilpe® world semantics.
In passing from Kripke models for modal logics & models the format of the la-
bels is left unchanged. The only modification is that atoraliels are now indexed by
formulas.

LetPo = {wy,wa, ...} anddy = {W;, Wy, ...} be two arbitrary sets adtomic
labels respectively constants and variabledaBelin the sense of]1] is an element of
the set of label§s defined as follows:
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Definition 3. & = |J S, whereS, is:
1<p
= Do U Dy
C\\S‘Q = C\\Yl X Spc
%n-ﬁ-l:%l X%n, n>1.

Thus, a label is any € S such that eithet is an atomic label oi = (k', k) where (i)k’

is atomic and (ii)k € &¢ or k = (m’, m) where(m’, m) is a label, i.e.j is generated
as a “structured” sequence of atomic labels. We define thgtHeof a labeli, I(i), to
be the number of atomic labels in From now on we shall use j, k, ... to denote
arbitrary labels. For a labeél= (j, k), we shall callj theheadandk thebodyof ¢, and
denote them by:(i) andb(i) respectively™ (i) will denote the head of the sub-label
of i whose length is. We shall call a label restrictedif its head is a (possibly indexed)
constant, otherwise we shall calluhrestricted Let us stipulate that if € ¢ U &y
andY € £ theni¥ € <. We shall call a label¥ aformula-indexed labelandY the
label formulaof i. For a label we shall useé®” to indicate that the label formula éf)

is Y. In general, when we speak of the label formula of structlmbdl, we mean the
label formula of the head of the label.

The notion of a formula-indexed label is meant to capturdrtended semantics.
An atomic label indexed with a formul® (such as, e.gaw:' or W;') is meant to
represent either & -world or a set ofY"-worlds (equivalently, any-world) in some
SF model. A label of the forn@k’y, k) is “structurally” designed to convey information
about the worlds in it. For exampl@y{*, w; ) can be viewed as representing (any world
in) the set of thosel-worlds that are minimal with respect tg; under some ordering
relation<. The label(w{', w;) represents ad-world in such a set. In this perspective
alabelled signed formul@LS-formula) [ is a pairX, i whereX is a signed formula
(i.e., a formula of prefixed with a T” or “ F") and ¢ is a label. Intuitively, anLS-
formula, e.gT'C, (W{*VE w;), means tha€ is true at all the (minimal} v B-worlds.

As we have seen formulas can occurlifi-formulas either as the declarative part
or as label formulas; moreover formulas in both parts canraost be used to draw
inferences. To deal with this fact we say ti$a4 occursin X,i¥ (SA4 : X,iY). More
precisely:

SA:X,i¥ —

X =SAor
Y=AandS =T

whereS € {T,F}, A,Y € L, X is a signed formula, anfl € . That means that
either SA is labelled withi, or i is indexed withA. For example, in the expression
SA : X,i¥, whereX = FB — C andi¥ = (W ¢ w,), SA stands both for
FB — C,andB A C, since these are the formulas occurringkini* .

In what follows we assume familiarity with Smullyah J21] émim notation for
signed formulas.

3.2 Label Unifications

The key feature ol EM approach is that in the course of proof search labels are ma-
nipulated in a way closely related to the semantics of mogafators and “matched”
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using a specialized unification algorithm. That two labed&d i are unifiable means,

intuitively, that the set of worlds they “denote” have a nauit intersection. In this sec-

tion we define a special notion of unification f@r (o -unification) which is meant to

“simulate” the conditions orf in SFC-models. We shall proceed by first defining the

unification for unindexed labels, and then by extending fotmula-indexed labels.
First of all we introduce a label substitutipn & — < thus defined:

) 1€ Do
pi)=¢jeS i€ dy
(p(h(i)), p(b(3))) i€ Sn,n>1

For two labels andj, and a substitutiop, if p is a unifier ofi and; then we shall say
thati, j areo-unifiable We shall us€, j)o to denote both thatand;j arec-unifiable
and the result of their unification. In particular

Vi, i,k €S, (1,5)o = kiff 3p: p(i) = p(j) andp(i) = k, and
for eachn at least one oh™ () or A" (j) is in P¢.

According to the above condition the labéls;, (W1, wy)) and(Wa, (w2, w1 )) o-unify
on (ws, (w2, wy)). On the other hand the labédl®,, (W1, w;)) and(Ws, (W1, w1)) do
not o-unify because both?s are not inbc.

The definition of the unification for indexed labels is morengicated since we
have to take into account label formulas. As said beforectalitions on label for-
mulas should mimic the semantics 8f'C-models, but we have to devise them in a
syntactic way. In particular, to check that two sets of wertnoted by different in-
dexed labels overlap, we have to determine a specific mezihdar comparing distinct
label formulas. From a proof-theoretical point of view, si@ccomparison is concerned
with the definition of a criterion for composing differentisttures of formulas. How-
ever, it is well-known that cumulative logics do not allowrestricted compositions of
proofs (see, e.gl]6]). In other words, they avoid to stibigtian antecedent by another
antecedent by transitivity (via cut). The following defiaits establish the basic (re-
stricted) conditions for such a substitution. In particutaey say when two formulas
are equivalent with respect o (j~-equivalent).

Definition 4.

— If Ais of typea, then{ay, as} c-fulfils A;

— if Ais of types, then{3;} c-fulfils A, and{j3.} c-fulfils A;

—if{Ay,..., A} c-fulfils A,and{A1,,..., A1, },..., {An,, ..., An,, } c-fulfil re-
spectivelyA,, ..., A,, then{A;,,..., 4 GAn, .., Ay, } c-ulfils A.

It is easy to see that whenever a set of formulas c-fulfils anfda A the conjunction of
the formulas in the set propositionally entails

Definition 5. We say thatd forcesB, iff 1) eitherA = B or Ais of typec and B = «;
or 2) there exists a formul&' such thatA4 forcesC andC forcesB.

m? "

Obviously, the notion of “forcing” is meant to determine thebformulas of a formula
A that are propositionally entailed frorhitself.

Let B be any set of.S-formulas. (In the course of proof searéhwill be the set of
LS-formulas occurring in a branch of a proof tree).
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Definition 6. A supportsB in a branchB iff

1. A=B;or
2. {By,...,By,} c-fulfils B, and for eachk, 1 < k < n, By, (W, w,) € B; or

3. thereis asetofformulag = {Z;,..., Z,} suchthat]l <i <n, Z;, (WA, w) €
B, AforcesZ;, and A c-fulfils B.

We are now ready to say when two formulalsand B, arej~-equivalent in3 (A =g
B).

Definition 7. A ~z B iff

1. A and B support each other; or
2. ifA=g CandB =z C,thenA ~z B

If A € B, with Ax, we shall denote the set of formuld®, ..., B,} such that,
1<i<mn,B; € BandB; = A. Itis obvious thatd.., is an equivalence class, thus
we abuse the notation and we uég,, to denote a formulain such a class.

Two formulasA and B are obviously equivalent with respectjtq if they are clas-
sically equivalent. Otherwise, through the notiorsapport(see definitiofil6), we have
basically the following cases: (i) the set of truth-valusigsments which correspond
to the consequences df satisfiesB; (ii) the set of consequence relationsAfpropo-
sitionally entailsB. So, according to definitidd 74 and B are equivalent with respect
to |~ in B if (a) the above sets are equal, or (b) such sets are equabtharset. This
means that they prove each other.

At this point we are ready to introduce the notion of unifioatfor indexed labels
to be used in the calculus. Briefly, two labels unify wrt a et §-formulas if the unin-
dexed labels unify and the label formulas satisfy cond&ioarresponding to clauses
1-4 of the semantic evaluation. In the next definition we leguch conditions.

Definition 8. LetiX and;¥ be two indexed labels, and IBtbe a set of.S-formulas.
Then

(i",7%)0é = (i, j)o
where 1)Y # L if h(i) € &v; 2) X # Lif h(j) € Dy, and one of the following
conditions is satisfied

a) Y =~ X;
b) Y = T andh(i) € &y, or X = T andh(j) € dv;
c) i) Xisoftypea,Y ~p «; fori = 1,2,andZ, (W¥~s w;) € B such thatZ’s
c-fulfil az_;, or
i) Yisoftypea, X ~5 «; fori = 1,2, and Z, (W*X~s w;) € B such thatZ’s
c-fulfil a3_;.

According to 1) and 2) no label unifies with an unrestrictdeelavhose label for-
mula is unsatisfiable. Intuitively, this excludes that twogositionally indexed sets of
worlds have a null intersection, which would be possibléwaih unrestricted label in-
dexed with a contradiction: sinc&Y,u) = ¢ if Y = L, so the “denotation” or the
label is empty. Indeedl L|| = @, and, by reflexivity, for eactd € L. andu € W,
F(A,u) C ||A]|, thenf (L, u) = 0.
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Clause a) corresponds to Left Logical Equivalence and C®@r éstablish when
two formulas are equivalent with respectftg but logically and non-monotonically
equivalent formulas have the same selection function sets.

According to b),(W51~4 w;) and (w§,w;) unify, asWs is a variable indexed
with a tautology. In practice a unrestricted label indexéith & tautology unifies with
any restricted label.

Clause c) is meant to characterize cumulativity. Cumulgtis a restricted version
of Left Weakening. Accordingly, we have to see whether awoctjon is a weakening
of one conjunct and the other conjunct is derivable in eacatimal world with respect
to the former component. This is achieved thanks to the naifcc-fulfillment. Such
a notion is nothing else that the condition a set of formulastnsatisfy to (proposi-
tionally) entail the formula which is “fulfilled”. Notice it the notion of c-fulfillment
is also strictly related to Right Weakening. As an examptmsader the following
labels:i = (wi™ OB ) j = (WA, wy), and the followingLS-formulas:
Ay = TB, (Wit wy), Ay = TD, (W4, w1). Here(i, j)oB, whereB contains4; and
As. Notice thatA A (C — (B A D)) is of typew, and A is «;. Moreover{ B, D}
c-fulfils B A D which, in turn, c-fulfilsC — (B A D), i.e.aq. ThusB contains a set of
LS-formulas whose labels are appropriate, and whose degkartatits c-fulfil as.

Although the above conditions seem to be very cumbersomegashall see in
sectior®, they can be easily detected byHSeformulas occurring in a proof tree, and
closely correspond to the semantic condition§'8{"-models.

3.3 Inference Rules

The heart of the proof system f@& is constituted by the following rules which are
designed to work both as inference rules (to make dedudlionsboth the declarative
and the labelled part diS-formulas), and as ways of manipulating labels during psoof
In what follows we write(i, j)o2 to denote both thatand; arecZ-unifiable and the
result of theireZ-unification, andX “ to denote the conjugate of (i.e., X¢ = FA
(TA)if X =TA (FA)).

B X, kY
a: X, kY . ﬁc_iiX/an/ )
aw[lzlﬁ] ﬁW[z:1,2]
79 79 7])00

These are exactly the and 3 rules of the originalK EM method [[1] in a slightly
modified version: the formulas the rule is applied to areegithe declarative parts or
the label formulas. The rules are just the usual linear branch-expansion ruleseof th
tableau methods, whereas therules correspond to such common natural inference
patterns as modus ponens, modus tollens, disjunctivegisitg etc.

TANB:X,i¥

~ T (WA, Y -
Y 77,?7’)

wA Flho ——[w?

[ n ne\M |/\‘ FB, (w;?,’LY) [’wn nE\M

The rulesT'}~ and F'|~ closely reflect the semantical evaluation flle 1. They are mo
tivated by the general idea (séé [5]) thaican be regarded as a necessity operator on
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A (i.e.,[A >]B), from which it follows that wheneveA > B is true at a world:, B
should be true at all the worlds f( A, u) (A-worlds); and wheneved > B is false at
u, there should be somé&-world whereB is false.

XY,V

XC: 7, k%

PB i unrestrictel ~ PNC

m[ [(i, k)og]

)

PB (the “Principle of Bivalence”) is exactly the “cut” rule ohé original method (it
can be thought of as the semantic counterpart of the cut fuleecsequent calculus).
PNC (the “Principle of Non-Contradiction”) is the modified ves of the familiar
branch-closure rule of the tableau method. As it standHBoitva closure (") to follow
from two formulas which are contradictory “in the same wbrlepresented by two
oB-complementary.S-formulas, i.e., twalS-formulasX, ¥, X, k% whose labels
are o2 -unifiable (such as, e.§’C, (W{AVE w;) and FC, (wiVE, w;)). Notice that,
in contrast with the usual normal modal setting, in the pmesetting it may occur a
contradiction of the fornF A, (ws', w, ), since thisLS-formula states that there exists
an A-world whereA is false.

In the following section the above set of rules will be protethe sound and com-
plete for C. Notice that the format of the rules prevents labels fromitga length
greater than two. This is obviously due to the fact @atorresponds t€ U™ (in the
context ofC the nesting of~ is meaningless).

4 Soundness and Completeness

In this section we prove soundness and completeness thedoerA EM . We shall

proceed as usual by first proving that the rules@are derivable inKEM , and then

that the rules of( EM are sound with respect to the semantics@oi_et us first define

the following functions which map labels into elementsSéf cumulative models.
Let g be a function front3 to (W) thus defined:

{wi} € f(X,9(h(2))) if h(i*) € D¢
o) = {wi e W:w; € f(X,g(h(i)} if h(i¥) € Dy

{wl} if i € %!

w if iX € Dy

Letr be a function fronty to f thus defined:

(i) {0) if 1(i) = 1
F(X, (%) if16) =n>1

Letm be a function fromL.S-formulas tov thus defined:
m(SA:i*) =gep v(A,w;) = S

for all w; € g(i%).
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Lemma 1. Let B be a set ofL.S-formulas and let, j be labels inB. If (i, j¥)oZ,
theng(iX) 1 g(;") # 0.

This lemma, proved by induction of the length of labels egdhat whenever two labels
unify, their denotations have a non-null intersection ¢esult of their unification).

Lemma 2. Let B be a set ofL.S-formulas and let, j be labels in3. If m(SA,i), and
(i,7)08, thenm(SA, (i, j)o&).

According to the previous lemma if a formula has a given et in a world denoted

by a label, and this label unifies with another label, thenvidlee of the formula re-

mains unchanged in the worlds corresponding to the unificaif the labels. This fact

allows us to verify the correctness of the rule in a standandgsmtic setting, whence the
following lemma.

Lemma 3. If Fxpy A, thenEgpe A

where, a If-cuy A thenk ke A s usual with tableau methodsi gy, A means that
the KEM -tree starting withF' A, w, is closed.

Lemma 4. Let I be a set of conditional assertions, addbe a conditional assertion.
If I cumulatively entailsd, thent- gy AT — A.

Proof. We show that the inference rules and the axiom€&ddre derivable inKEM .
D’Agostino and Mondador(]i8] have shown th&# is sound and complete for classical
propositional logic and enjoys the property of transifivitt deductions. We provide
KEM-proofs for Reflexivity, Left Logical Equivalence, Right \Aleening, Cautious
Monotonicity and Cut.

1FA|NA w1
2.FA (wdt, wy)
3. % (wé“,wl)

Notice that closure follows from having two complementamyniiulasF' A and A both
labelled with(w3', w1 ).

1. TA I’\/ C w1
2. FB }'\‘ C w1
3.7C (Wi wi)
4. FC (W%, w1)
5. % (w¥,w)

Here closure is obtained frofiC, (Wi, w;) and FC, (w¥,w;). The labelsrB-unify
due to the equivalence of the label formulas: by hypothésaad B are equivalent.

3.TB (Wi, wr)
4. FC (w3, wr)

B — C (w3, w1) 6. FB — C (w§',w1)
C (wd', wr) X
(w3, w)

® N>
X 5443
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Notice that we have applieBB to B — C' with respect tqws', w; ). The right branch
is closed since, by hypothesis, we have alreadifd/ proof for B — C.
Finally we present side by side t&“M proofs of Cautious Monotonicity and Cut.

2TA}'\‘C w1 2TA|NB w1
3.FA/\B|NC w1 3FA|NC w1
4.TB (Wi, wi) 4.TC (WANE wy)
5.TC (W3t w1) 5.TB (W3t w1)
6. FC (w5 Jwy) 6. F'C (w3, wr)
7. % (wi™B wy) 7. X (w4, w1)

In both proofs the labels unify according to condition c) afiition[d.
From Theoren]l, Lemm&s 4 afld 3 we obtain
Theorem 3. FrEM A iff ':SFC’ A.

and from Theorerfl3 and Corolldr 2

Corollary 3. LetI" be a set of conditional assertions.cumulatively entailsA |~ B iff
Fxem NI — (A~ B)

5 Proof Search with KE*

The unification presented in sectionl3.2 compels us to cHabklj formulas either for
validity or for logical equivalence. This can be a very exgieatask whose accomplish-
ment may require us to open an auxiliary proof tree wheneeehave to check either
condition (seel[2] for details). Fortunately, the main tpeevides all the information
we need so that we only have to make them available by appealia suitable proof
method. One such method is provided by the classical sy#f@&m. KE* is based
on D’Agostino and Mondadori[8]'¥(F, a tableau-like proof system which employs a
mixture of tableau, natural deduction and structural r(ilepractice, then-, 8-, PB
and PNC rules of sectioliz3]3 restricted to the propositional pati." uses the same
rules but adopts a different proof search procedure whidkesd completely analyti-
cal and able to detect whether 1) a formula is either a tagyplor a contradiction, or
only a satisfiable one; and 2) a sub-formula of the formulaetpioved is a tautology,
and to use this fact in the proof of the initial formula. TH& ™ based method con-
sists in verifying whether the truth of the conjugate of amiediate sub-formula of a
g-formula implies the truth of the other immediate sub-fotalif it is so, then we have
enough information to conclude that the formula is provablés result follows from
the fact that the branch beginning wjtl (i = 1, 2) contains no pair of complementary
formulas leading to closure. This in turn is proved by sesuhgther a formula occurs
twice in a branch, and that those occurrences “depend onmbpppte formulas. This
last notion is captured by the following definition.

Definition 9. Each formuladepends oritself. A formulaB depends oM either if it
is obtained by an application of the-rule or it is obtained by an application of the



94 Alberto Artosi Guido Governatori Antonino Rotolo

KE rules on formulas depending ofi A formulaC' depends o4, B if it is obtained

by an application of a3-rule with A, B as its premises. The formulas obtained by an
application of PB depend orthe formulaPB is applied to. IfC' depends o, B then

C depends oM andC depends orB.

We go now to the proof search, but first we need some termigolegdefine

An a-formula isanalysedin a branch when both; andas are in the branch. A
p-formula isanalysedin a branch when either 1) ¢ is in the branch alsg, is in
the branch, or 2) ifs¢ is in the branch alsg, is the branch. A3 formula will be said
fulfilled in a branch if: 1) eithep; or 3> occurs in the branch provided they depend on
3, or 2) either3; or 3; is obtained from applyingB on 3.

A branch isE-completedf all the formulas occurring in it are analysed. A branch
is completedf it is F-completed and all thg-formulas occurring in it are fulfilled.
A branch isclosedif it ends with an application oPNC. A tree isclosedif all its
branches are closed.

A branch obtained by applyingB to a g-formula with 3¢ as its root is a3¢-
branch Each branch generated by an applicationP@f to a formula occurring in a
B¢ -branch is @3¢ -branch. A branch generated by an applicatio®#f which is not a
(¢ -branch is a3-branch. A branch is @ -branch if it contains only formulas which are
equivalent toT and the formulas depending on them.

The proof search procedure starts with the formula to bequpthen 1) it selects
a 3¢-branchg which is not yet completed and which is th€-branch with respect to
the greatest number of formulas; 2)ifis not E-completed, it expands by means of
the a- andg-rules until it becomeE-complete(ﬂ 3) if the resulting branch is neither
completed nor closed then it select§-#ormula which is not yet fulfilled in the branch
— if possible ag-formula resulting from step 2 — then it appli€s3 with 3;, 3¢ (or,
equivalently3s, 35), and then it returns to step 1; otherwise it returns to step 1

Theorem 4. For a formulaA, A = T if either:

1. in one of thgg® -branches it generates there is &$-formula which appears twice,
and one occurrence depends 8, i € {1,2}, and the other depends ¢h or

2. eachs®-branch is closed and thé-branches arer -branches, or

3. eachs®-branch is aT-branch.

We provide an illustration of the above notion by provitdt — (B — A)) |~ C) —

(D C). 1.F(A-(B—-A)KrC)— (DpKC) w1
2.T(A—>(B—>A))|NC w1
4.7TC WA= E=4 )
5 FC (w¥,w1)
6. TA (waUBHA)7 w1) 7. FA, (wi™B=Y )

8.TB — A (wi~P™™ wy)
9. 7B (wy 7 wi) 10, FB, (wi™ P~ )
11 TA (wi™B=4 )

4 For a-formulas we do not duplicate components, i.exjfanda, (n = 1,2) are in a branch,
then we add to the branch onty; ..
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Here we have to see whether the labels in 4 and 5 unify. Howtbedabel formulas
of Wi is of type3 and it is not yet analysed in the tree. So we apply. Notice that
the left branch is @ -branch w.r.t. the label formula. We then applg aule, and we
obtain anotheps formula. According to the proof search we have to apply agaih
and then we have another application ¢f eule. At this point we have two occurrences
of T'A with the right dependencies. So the label formdla- (B — A) is T, and the
label of 4 and 5 unify, thus closing the tree.

Definition 10. Letv be a function which maps each formufainto a set of (atomic)
formulas in such a way that 1) # is atomic, therv(A4) = {A4}; 2) if A is of typea,
thenv(A) = v(a1) Uwv(ag); 3) if A is of typeg, thenv(A) = v(85) U v(Bs_,) or
v(A) = v(B,), n = 1,2. A setS of (atomic) formulas is said te-fulfils a formula A
iff S =wv(A).

Corollary 4. Two formulasA, B are equivalent iff each set of (atomic) formulas which
v-fulfils A v-fulfils B.

The following proof is provided as an illustration of the uge¢he above notions.

1. T(=AV B) ~ C wy
2.F(A— B)~C wy
3.7TC (W AYE wy)
4. FC (w35 wr)

/\

5 TA (w58 w) 6. FA (wi™P w)
7.TB (w58 w;)

Obviously{T'A,TB} and{F A} v-fulfil both -A v B andA — B. Accordingly,
(W AYE wy) and(ws' =8 wi) oB-unify, thus closing the tree.

Remark 1.1t is worth noting that Theoreiid 4 provides also completeréssE ™ for
classical propositional logic. This is enough for the téady test required by Defini-
tion[. Itis not necessary to extend it to the wh@lgsince the label formulas are always
classical. The same holds for the equivalence test and Bor@.

6 Comparison with Other Works

Groeneboer and Delgrande [13] present a method for cotistgu€ripke models for
CLs which generalizes Hughes and Cressweéll’'s [14] clabsiethod of semantic tableau
diagrams for the modal logi84.3 to Delgrande’s[li7] conditional logi®N. This ex-
tension is made possible by the correspondence bet&@dedrand N. However, as
Boutilier [4] has shownN fails to validate the rule of Cautious Monotonicity, andghu
it lies outside the scope of Gabbays [10] minimal condifidar nonmonotonic con-
sequence relations. Lamarfe][17] takes a more direct approga relying on Lewis’
[19] system of spheres models. However, his method doesowet €U. Moreover, as
proof systems for CL, the systems just mentioned can beaaidffer of all well-known
computational drawbacks of the tableau method.
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As far as the computational complexity of the method we haepgsed is con-
cerned, it lies in the same class as Lehmann'’s algorithin [h8pct it easy to prove
that the complexity ofr is linear. However this is not the case witf, in so far as it
requires either tautology or equivalence or entailmeristes label formulas. Thus its
absolute complexity is exponential. Nevertheless, wiiis used in ak EM -proof its
complexity weight does not cause any harm to the complexitlyeoproof since, as we
have seen, the tests are performed in the proof itself. Toreréhe complexity ofrZ
with respect takK EM -proofs turn out to be the same @f From this it follows that the
complexity of theK EM -proofs forC is just the complexity of the propositional mod-
ulo (seell8] for a discussion). This is a well known resule(EE]), but we believe that
the present approach offers some advantages over Lehnja8halgorithm in that it
is deterministic and works for cumulative logics in genaradl not only for those cases
where they coincide with the preferential ones.

Although their primary aim is not automated deduction, €mand Farifias [6]
present a sequent system 01U which turns out to be very similar to ours. In their
approach the cut rule is replaced by more restricted rukladémtifying formulas in de-
duction. Deductive contexts and restrictions on the ttaityi of the deduction relation
are represented at the level of auxiliary sequents, i.@uesds involving a non-transitive
deduction relation. Accordingly, structural and logicpleoations are performed both
on this level and on the level of the principal (transitivelation. The deductive con-
text is fixed by a prefixing rule in the antecedents of auxilisequents. Augmentation
and reduction rules in such antecedents allow us to idetitdge deductive contexts
which are identical or compatible with other contexts, thusviding criteria for sub-
stituting conditional antecedents by conditional antecesl In the present approach
conditional antecedents are fixed by the inference ruleleatauxiliary” level of la-
bel formulas, whereas the notion of compatible contextsefariteria for antecedent
identification—is captured by the label unification rulerustural and logical opera-
tions are performed both at the “principal” level of labelf®rmulas and at the “aux-
iliary” level of label formulas, the only deduction relationvolved being the transi-
tive one. Thus our approach can be said to perform what Crandd~arifias call an
“extra-logical” control on the composition of proofs in teense that the restrictions
on the transitivity of the deduction relation are represdrdt the “auxiliary” level of
our labelling scheme. This can be seen as an advantage ofathodwover Crocco and
Farifas’s as it allows to treat a wide range of CLs by prowdiifferent constraints,
closely related to the appropriate semantic conditionsthenrespective unifications
(seell2]). Moreover, it do so without banishing the cut rtieis avoiding the problems
arising from defining connectives in the absence of suchea rul
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