Fibred Modal Tableaux
(preliminary report)

Dov M. Gabbay and Guido Governatori

Department of Computing, Imperial College of Science, Technology and Medicine
180 Queen’s Gate, SW7 2BZ London
e-mail:{dg,gg6}Q@doc.ic.ac.uk

Abstract. We describe a general and uniform tableau methodology for
multi-modal logics arising from Gabbay’s methodology of fibring and
Governatori’s tableau system KEM.

1 Introduction

In [3,2,17] a labelled tableau-like proof system for modal logic has been pro-
posed. In [15,16] it has been showed how such a system, called KEM, can be
extended to deal with multi-modal logics. On the other hand Gabbay [11,14]
presented a general methodology for combining logical systems called fibring.
Beckert and Gabbay [6] have analysed under which conditions a tableau system
for a component logic can be plugged in a combined system. On the contrary, in
the present work, we examine a case study: we develop a general and uniform
tableau-like proof method for fibring (dovetailing) of modal logics. In particular
we show how the label formalism used in KEM matches Gabbay’s fibring for
(multi-) modal logics. The resulting system enjoys several interesting properties:
it is modular, in the sense that the proof system for each logic is developed on
its own and it is reused in the combination; it is uniform, in the sense that each
system has its own peculiarities, but the framework remains constant among the
combined systems; it seems to be flexible enough to deal with other logics, as
well as their combinations; finally, in spite of the logical jargon used and abused
in describing the system, we claim its naturalness, in so far as the idea behind it
is very simple and easy to grasp. Let L; and Lo be two modal logics for which
a tableau system exists. We start a tableau for a formula A of L;, when we
have to process a formula of Lo we begin a new proof for it in the appropriate
system. However we do not really need to start a separate tableau, but we graft
it into the original one. The labels, due to their structure, will store nicely all
the information about such an operation.

In this essay we shall stick ourselves with KEM based proof method, never-
theless the label formalism, and the combining methodology, can be used with
almost whatever proof system.

The paper is organized as follows: in section 2 we shall introduce two ba-
sic methods for combining logical systems, namely fibring (2.1) and dovetailing
(2.2); in section 3 we recall the basic tableau system KEM for modal logics;



we shall relate the techniques from the previous sections in order to provide a
general and uniform tableau methodology for multi-modal logics.

2 Combining Modal Logics

The methodology of fibring allows us to combine arbitrary logical systems to form
a new system in a uniform way “fibring” their models (for detailed expositions
see [11-14]). The main idea of fibring is very simple, and provides a new concept
of possible world semantics. Let us suppose we want to combine two modalities
0O; and Oy characterised, respectively, by the classes of models K7 and Ko, We
know how to evaluate 01 A in Iy, O A in Iy and propositional formulas in both.
All we need is a method for evaluating O; (resp. Og) w.r.t. Ky (resp. Ky). Each
time we have to evaluate a formula A of the form 05 A in a world in a model of
K1 we associate, via the fibring function F, to the world a model in ICs, or its
actual world, where we calculate the truth value of the formula. Formally
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A holds in w iff it holds the model associated to W through the fibring function
F. But now we are in an appropriate model for evaluating A.

In the next two sections we define two ways, fibring and dovetailing, in which
semantics can be combined. We first explain the concepts by taking a simple
example. Suppose we want to combine two modal logics Ly and Lo. Let K1, Ko
be the respective Kripke semantics of the logic. Let m be a model in Iy and let
t be a possible world of m. The semantic construction which combines the logics
associates to ¢t a model n in Ky. The different methodologies of combination
differ on the kind of model n we use. For fibring logics, we require that n be any
model in Ks. For dovetailing, we require that n be a model of Ky such that for
any atomic P

tEPiffnk P

(i.e., the fibred model must agree with the values t gives to atoms).

First of all we have to introduce the language of the combined logic. Let L,
be the language of the logic L,. The expressions EP of the language L, are built
up using L,-constructors (connectives and operators) from a set of atomic units
PP We schematically write EP(P}, ..., P?) to indicate that E? is built up from
the atoms PY,..., PP € PP.

Definition 1. The fibred language Ly, ... .. is defined as follows:

— Let Ly be Ly, p € I;

— Let g be (q,y1,---,Yx), & Y1, Yk € I and p # q. Let L),y be the family
of all expressions of the form a € Ly, . .y or a = EP(P1/Ay, ..., Py/Ay)
where EP(Py,...,P,) € L, and Ay,..., A, are in Ly, and P;/A; indicates
the substitution of of A;j to p; in EP;



2.1 Fibring Modal Logics

Let L,,p € I be modal logics in the respective language L,,, with O,,p € I,
respectively. Let KC,, be a class of models {m}, m?, ...} for which L, is complete.
Each model m? has the form (S, R, a,h) where S is the set of possible worlds,
a € S is the actual world and R C S? is the accessibility relation. h is the
assignment function, a binary function, giving a value h(t, P) € {T, F'} for any
t € S and atomic P. The actual world a plays a role in the semantic evaluation
in the model, in so far as satisfaction in the model is defined as satisfaction at
a. We can assume that the models satisfy the following condition:

S={z|3In aR"z} .

This assumption does not affect satisfaction in models because points not acces-
sible from a by any power R™ of R do not affect truth values at a. Moreover we
assume that all sets of possible worlds in any K, are all pairwise disjoint, and
that there are infinitely many isomorphic (but disjoint) copies of each model in
KCp. We use the notation m for a model and present it as m = (S™, R™, a™, h™)
and write m € K, when the model m is in the semantics KC,,. Thus our assump-
tion boils down to m # n = S™ N S™ = @. In fact a model can be identified by
its actual world, i.e., m = n iff a™ = a®.

Definition 2. A fibred model is a structure
(VV, Wp,pEIa Wav Ra wo, h’a F)

where W = Upeu,ic, 5™ Wp = {a™ | m € K}; Wo = U, Wy R =
Umeu K, R™; wy € W, is the actual world; h(t,q) = h™(t,q), for the unique m
such that t € ST F I x W — Wy, is the fibring function.

The fibring function F is a function giving for each p and each w € W
another point (actual world) in W, as follows:

Fp(w):{w ifwe S™ and m € ),

a value in Wy, otherwise

such that if x # y, then Fp(x) # F,(y). Satisfaction is defined as follows with
the usual truth tables for boolean connectives:

te P iffh(t,P)=T
t € m? and Vs(tRs — s E A)

tEO,A
P Zﬁ{temq, p#qand F,(t) FO,A

We say the model satisfies A iff wg E A.

Theorem 1 (Completeness theorem for the fibred logic LE). Let L,,p € I be
modal logics in the respective language IL,, with classes of structures IC, and set of
theorems Ty,. (i.e., T, = {A of L, | A is valid in all I, models }). We consider
two options for fibring. The general option where the logics L, are assumed to
have pairwise disjoint sets of atomic proposition (referred to as disjoint fibring)
and the ordinary fibring where all L, share the same set of atoms. Let T be
the following set of wffs of LY.



1. T, C TF, for every p € I. For the case of ordinary fibring of n logics, we
need axioms 1a and 1b bellow. If we are fibring an infinite number of logics,
1a is not needed.

la. If A is a Boolean combination of atoms and g, is in the y-th fibred
language, then A — oy, € Ty implies A — \/, aiy, € TY, where in ay,
every atom is in the scope of a modality.

1b. If A(z;) € T, then A(z;/040a;) € TY, for any Oya; € Ly, q € 1.

2. Modal Fibring Rule:
If O, is the modality of L, and Oy of Ly, p,q arbitrary p # q and

n m
C= N\ A, — \/ OBy € T
k=1 k=1

then for all d, DgC e TL.
3. Tf s the smallest set closed under 1, 2, modus ponens and substitution.

Then TE is the set of all wffs of LY wvalid in all the fibred structures of LY.

Proof. See [11, 14]. Notice that [11] deals with the case that the logics L,,p € I
have no atoms in common.

2.2 Dovetailing Modal Logics

Dovetailing arises in many applications where the fibred model at world ¢ has
the world ¢ itself as its actual world. The notions of dovetailing results from that
of fibring when for all p € I and for all atomic P

h(t, P) = h(F,(), P) .

In such a case we can identify the actual world of the model fibred at ¢, F,(¢),
with t. The fibring function F is no longer needed, since we identified ¢ with
F,(t).

Let L,,p € I be modal logics with K, the class of models for L,,. Let L? (the
dovetailing combination of L,,p € I) be defined semantically through the class
of all (dovetailed) models of the form (W, R, a,h), where W is a set of worlds,
a € W, h is an assignment as before, and for each p € I, R(p) C W x W. We
require that for each p (W, R(p),a, k) is a model in K. We further require the
following:

Let t € W be such that there exist ny,...,ng and py, ..., pg such that aR™ (p;)o
R™(p3)...o R™(pg)t holds.
We define the notion of w F A by induction.

— wk Piff h(w, P) =T for P atomic.
— wk O,A if for all y € W, such that wR(p)y we have y E A.
— E A iff for all models and actual worlds a F A.



Theorem 2 (Completeness theorem for the dovetailed logic LP ). Let L,,pel
be modal logics with semantical classes of structures KC,, and set of theorems T,
Let TP be the following set of wffs of LY.

1. T, C TP, for everyp € I.

2. Modal Dovetailing Rule:
If O, is the modality of L, and Oy that of Ly, where p,q are arbitrary with

p#q, and

C = /n\ O, Ak A KopﬂBka \T/PkETP7
k=1 k=1 k=1

then for all d DgC’ € TP. Where Py are atoms or their negations, and
Py, ..., P. list all the atoms or their negations appearing in any Ay or
Br,k=1,2,....

3. TP is the smallest set closed under 1, 2, modus ponens and substitution.

Then TP is the set of all wffs of LP walid in all the dovetailed structures of LP.

Proof. See [11].

3 Labelled Tableaux for Modal Logics

In [1,2,17] a tableau-like proof system, called KEM, has been presented, and it
has been proven to be able to cope with a wide variety of (normal) modal logics.
KEM is based on D’Agostino and Mondadori’s [9] classical proof system KE, a
combination of tableau and natural deduction inference rules which allows for
a restricted (“analytic”) use of the cut rule. The key feature of KEM, besides
its being based neither on resolution nor on standard sequent/tableau inference
techniques, is that it generates models and checks them using a label scheme for
bookkeeping fibred models. In [5,15-17] it has been shown how this formalism
can be extended to handle various systems of multi-modal logic with interaction
axioms. The mechanism KEM uses in manipulating labels is close to semantic
fibring (dovetailing).

3.1 Label Formalism

In this section we introduce the label formalism we shall use in the course of
the paper. KEM uses Labelled Signed Formulas, where a labelled signed formula
is an expression of the form SA,i, where A is a wf of the logic, S (the truth
sign) is in {T, F'}, and 7 is a label. Notice that the label we are referring in this
section are not the labels of I. In the case of modal logic we have a type of labels
corresponding to various modalities, and each set of atomic labels is partitioned
into the set of variables and the set of constants. Formally

el _ gpel pel
el = g U Bl



where #2571 = {w? wh, ...} and " = {WP WP, ...}. The set of constant
world symbols and variable world symbols are respectively

oo = ou! oy =)o}

pel pel

The set of labels & is then defined inductively as follows:

§ = U Sy, where S,k € N :

1<k
Iy = Do U Dy
%2 = %1 X éﬁc;
%n+1 =31 X Sy, (n > 1).

According to the above definition a label is either a (i) an element of the set
P, or (ii) an element of the set Py, or (iii) a path term (&', k) where (iiia)
k' € &c U Py and (iiib) k € P or k = (¢/,¢) where (i',4) is a label. From now
on we shall use 7, 7, k, ... to denote arbitrary labels.

Definition 3. For any label i = (K', k) we shall call k' the head of i, k the body
of i, and denote them by h(i) and b(i) respectively.

Notice that these notions are recursive (they correspond to projection functions):
if b(7) denotes the body of 4, then b(b(:)) will denote the body of b(i), b(b(b(7)))
will denote the body of b(b(i)); and so on. We call each of b(i), b(b(7)), etc., a
segment of i. Let s(i) denote any segment of ¢ (obviously, by definition every
segment s(7) of a label ¢ is a label); then h(s(:)) will denote the head of s(4).
We shall call a label i restricted if h(i) € ¢, otherwise unrestricted. We shall
conceive worlds labels as worlds (set of worlds) in a fibred (dovetailing) model,
and path labels as worlds with the path leading to them starting from the actual
world. For example a label such i = (W5, (w3, wg)) denotes with respect to a
fibred (dovetailing) model the set of worlds in a model for L, accessible from
the actual world a? = F,((wd,w)); moreover, the world the fibring function
has been applied to (i.e., (w3, wp)) is a world accessible from a?, which is the
result of fibring the actual world (wo) with respect to a model of type K,
ie., a? = Fy(wy). On the other hand dovetailed models can be reduced to
structures of the form (W, R(p), h), the label ¢ turns out to represents the set
of worlds accessible via R(p) from a world accessible through R(q) from the
actual world wg. Notice that the structure of the labels allows us to represent
without ambiguity chains of accessible worlds and their fibrings, i.e., chains of
fibred models.

Definition 4. For any label i, we define the length of i, £(i), as the number of
world-symbols in i, i.e., L(i) = n < i € . s™(4) will denote the segment of i
of length n, i.e., s"(i) = s(i) such that £(s(i)) = n. We shall use h"™(i) as an
abbreviations for h(s™(i)). Notice that h(i) = h*®(3).



Definition 5. For any label i,1(i) > n, we define the countersegment-n of i, as
follows:

¢ (i) = (i) x (- x (B () x (- x (K" (i), wo)))) (n < k < 1(3))

where wqy 18 a dummy label, i.e., a label not appearing in ©, the context in which
such a notion occurs will tell us what wy stands for. In most cases it will denote
the actual world.

The countersegment-n defines what remains of a given label after having
identified the segment of length n with a “dummy” label wy. The appropriate
dummy label will be specified in the applications where such a notion is used.
However, it can be viewed also as an independent atomic label. In the contest of
fibring wg can be thought as denoting the actual world obtained via the fibring
function from the world denoted by s™(%).

Ezample 1. Given the label i = (w4, (W3, (w3, (W2, w1)))), according to the
above definitions its length £(i) is 5, its segment of length 3 is s3(i) =
(w3, (Wa,w1)), and the relative countersegment-3 is ¢3(i) = (w4, (W3, wp)),
where wy = s3(i) = (w3, (Wa,w)).

So far we have provided definitions about the structure of the labels without re-
gard of the elements they are made of. The following definitions will be concerned
with the type of world symbols occurring in a label.

Definition 6. We say that a label i is p-preferred iff h(t) € OP.

Definition 7. We say that a label i is p-pure iff each segment of i of length
n > 1 is p-preferred, and we shall use SP to denote the set of p-pure labels.

3.2 Unifications

In the course of proofs labels are manipulated in a way closely related to the
semantic of the logics under analysis. Labels are confronted and matched using
a specialised logic dependent unification mechanism. The notion of two labels i
and k unify means that the intersection of their denotations is not empty and
that we can move to such a set of worlds, i.e., to the result of their unification.

According to the semantics each modality is evaluated in an appropriate
model corresponding to a model in the class of models characterising the logic
the modality corresponds to. Similarly we provide an unification for each logic,
the unification characterising such a logic in KEM formalism, then we graft them
into a single unification for the whole L9.

Basic Unifications (Axiom Unifications) We add a set of auxiliary unin-
dexed atomic labels @4 = {wg,w), ...}, that will be used in unifications and
proofs. Intuitively they stand for distinguished worlds (i.e., actual worlds) in



the various models. We define two substitutions, resp. dovetailing and fibring
substitution, in the usual way as a mapping

JD:@f,—»SpU@A
UF:@@—>SP

where QP is the set of p-pure labels. Henceforth we use o to mean indifferently,
unless specified, either oP or oF. For two labels i and k, and a substitution
o, if o is a unifier of i and k then we shall say that i,k are o-unifiable. We
shall (somewhat unconventionally) use (i,k)o to denote both that ¢ and k are
o-unifiable and the result of their unification. As a case study we choose the
normal modal logics arising from the combination of the axioms On this basis
we may define several specialised, logic-dependent notions of o-unification. As a
case study we choose the normal modal logics arising from the combination of the
axioms K, D, T, 4, B and 5. Notice that the unifications listed below mimic the
conditions on the accessibility relation corresponding to the appropriate axiom
(see bellow for an explanation)

(i, k)0 = (i, k)o if at least one of i and k is restricted, and (0F)
Vi < 0(0), (5" (@), " (K)o 7

(i,k)oP = (i,k)o (oP)

(s"®) (i), K)o £(i) > £(k), and
Vn > U(k), (k" (i), h(k))o = (h(i), h(k))o

BT 6w 10 > 400, ana o)
Vn > £(i), (h(i), " (k))o = (h(i), h(k))o
AOE) (k) > (i), h(i) € Py and
. B wo = (i, 8" (k))o 4
5, k)" = LO@)0(i) > 0(k), h(k) € By and (@)
wo = (5" (i), k)o

(s'@=27(3) K)o if h(i) € Dy and
(i k)o® = (h(i), h(k))o = (RO =2"(0), h(k))o (05)

’ (i,5'F) =2 (k))o if h(k) € Dy and

h

(h(0), h(k))o = (h(), ") =2" (k)

Where 1 <n <V, and V = £(i) —m, with m such that Vz,m <z < £(i),h* (i) €
By



where wq = (s*(4), s' (k))o.

For the notion of o7 -unification, take for example the labels i = (w3, (W1, w;))
and k = (ws, (Wa, (wa,w1))). Here (Wa,ws)o = (ws,w3)o. Then i and k
oTumify to (ws, (wa,wy)). This intuitively means that the world w3, accessi-
ble from a sub-path s(k) = (W, (we,wy)), after the deletion of Wy from k,
is accessible from any path ¢ which turns out to denote the same world(s)
as s(k); in fact the step from ws to Wy is irrelevant because of the reflex-
ivity relation of the model. For the notion of o*-unification, take for exam-
ple the labels ¢ = (W3, (we,wy)) and k = (ws, (w4, (w3, (Wa,w1)))). Here
s'@ (k) = (w3, (Wa,wy)). Then i and k o-unify to (ws, (w4, (w3, (wa,w1))))
since (i, 5D (k))o = ((Ws, (w2, w1)), (w3, (Wa,wy)))o. This intuitively means
that all the worlds accessible from a sub-path s“%)(k) of k are accessible from
any path i which leads to the same world(s) denoted by /@ (k).

High Unifications (Combined Unifications) We are now able to combine
the above unifications corresponding to the axiom characterising a logic into a
single “high” unification which will be used for defining the unifications charac-
terising the logic we are concerned with.

(i,k)oA1  CP
(i, k)o1An = : : pel (oATAR)
(i, k)aAZ C?r
where Af .-+ AP stand for the axioms characterising L, and C;,1 < i < n are

conditions varying from logic to logic. For example the high unification for the
logic T is

(o)

(5. K)o T {(zpk)oT i) # £(k)

(i,k)oP otherwise

i.e., the combination of the unifications corresponding to the axioms character-
izing such a logic.

Low Unification (Logic Unifications) Combining recursively each high uni-
fication we obtain the o, unification for L, as follows

c"(i),c™ g AT AL
e {Ez ()2;/4’1’-»@) (or,)



where wo = (5" (i), s™(k))or, -

Although the above definition provides a general method for obtaining the
unification characterising the appropriate logic, for particular systems it may be
preferred to define a different unification reflecting peculiar properties; for exam-
ple, for S5 which is characterised by the class of frames where the accessibility
relation is an equivalence relation, it is convenient to define ogs as follows:

((h(i), h(k))o, (s*(i), s'(k))o) otherwise (o55)

) h(i),h(k))o min{l(i),¢(k)} =1
(Zv,f)m:{(() (k) {£(0). ()}
Due to the equivalence relation the path leading to a world is irrelevant. The
only important conditions is that the world denoted by the labels are in the
same class of equivalence; this is achieved by the conditions on s'(i) and s!(k).

Fibred Unification As a Labelled Modal Logic is obtained by combining the
logic L,, p € I the corresponding unification is the combination of the oz, -
unifications characterising L.

(i, )ops = Upez(? (i), c™(k))or, (o)
I pel(z, k)or, I

where wo = (s"(i), s™ (k))oys, if ¢" (i), " (k) are p-pure, p € I.
We state now, without proving it, a property of 0L§—uniﬁcations.

Theorem 3. Vi,j € S, if (i,j)oys, then (i, (i, j)ops)ors and ((i,5)ors,j)ops.

Proof. Since ors has been defined as the combination of o -unifications, but
each of them works on p-pure labels and there are no interactions among them,
we just have to prove the property for each oz, ; but such a proof has been given
in [2,17].

Remark 1. Tt is worth noting that we have no constraints on the component
logics; they may be combined logics themselves.

3.3 Inference Rules

In displaying the rules of KEM we shall use Smullyan-Fitting [10] «, 3, vp, 7,
p € I unifying notation. Given a signed formula X, X denotes the conjugate
of X, i.e., the result of changing the sign of X to its opposite; two LS-formulas
X,iand X,k such that (i, k)O’L§ and will be called JL(;—complementary.

.t Q.

aq,l al

)



B,1 B,i

I L R L (L
B2, (i, k)ors ! B, (i, K)o !
Vp, i p
m[m € &, and new] (vp)
Tp, 2 p
m[m € @7, and new] (7mp)
m[z restricted] (PB)
X,i
(X,f)o,[( k)oLs] (PNC)

Here the a-rules are just the familiar linear branch-expansion rules of the tableau
method, while the §-rules correspond to such common natural inference patterns
as modus ponens, modus tollens, etc. (i, k, m stand for arbitrary labels). The rules
for the modal operators are as usual. “m new” in the proviso for the v,- and
mp-rule means: m must not have occurred in any label yet used. Notice that
in all inferences via an a-rule the label of the premise carries over unchanged
to the conclusion, and in all inferences via a (-rule the labels of the premises
must be ops-unifiable, so that the conclusion inherits their unification. PB (the
“Principle of Bivalence”) represents the (LS-version of the) semantic counter-
part of the cut rule of the sequent calculus (intuitive meaning: a formula A is
either true or false in any given world, whence the requirement that i should
be restricted). PNC (the “Principle of Non-Contradiction”) corresponds to the
familiar branch-closure rule of the tableau method, saying that from the occur-
rence of a pair of aLﬁ—complementary formulas on a branch we may infer the
closure (“x”) of the branch. The (i, k)oys in the “conclusion” of PNC' means
that the contradiction holds “in the same world”. Other logics might require
additional rules in order to capture the full power of their semantics. See for
example [5,16]. As usual with refutation methods a KEM-proof of A consists of
a successful attempt to construct a counter model for A by assuming that A is
false in some arbitrary model, which means that we assume that A is false in
the actual world of the model.

Theorem 4. If a KEM tree closes it closes atomically.

Proof. A closed KEM tree means that each branch is closed, i.e., it contains two
aLi—complementary formulas A, i and A€, j.

A,

A% j
X



We prove the theorem by induction of the complexity of the complementary
formulas. If they are literals then the branch closes atomically.

If they are not literals let us examine their form: if A is of type o then A€ is
of type 3; moreover a; = B¢ and ay = 35. We apply an a-rule on A, i, obtaining
a1,1 and ag,i. Since the relations just mentioned we can apply a [-rule w.r.t.
A% j and o, (n =1,2), from which we derive 33_,, (i,j)aL§. At this point the
branch contains «,,i and S, (4, j)0L§ , which are aLi—complementary, in so far
as (i, (’i,j)UL(;)O'Lﬁ, see Lemma 3. If A is of type 3 we repeat the above reasoning

applying the a-rule on A® instead of A.

If A is of type v, then A® is of type 7 and vy = 7§’ . We apply a v-rule on A, i
and a 7-rule on A“,j obtaining vy, (W,,i) and 7o, (W, j), where W, and w,,
are new in the branch. The resulting formulas are aLi—complementary due to
the relationship among v and 7 formulas and the fact that the labels obviously
aLg—unify. If A is of type m, then A is of type v and we can repeat the same
argument.

In the course of tableau proofs labels are used to build appropriate models.
Since the structure of the labels and unifications follows closely that of dovetailed
and fibred models, we can repeat the same construction “grafting” (see [11,14])
the models for each L, through F into fibred and dovetailed models obtaining
models for L?.

Theorem 5. Let L,,p € I be modal logics and let L‘; the resulting combined
logic. If F, A <= Fxem,) A then

1. ':Lf A = }_KEM(LI) A using UF,'

2. ':L? A — '_KEM(LI) A using oP.

Proof. We prove the theorem by showing a) the set T? is a subset of set of
formulas provable in KEM and b) KEM rules are sound with respect to fibred
and dovetailed models.

We start proving a). According to Theorems 1 and 2 a formula is a fibred
(dovetailed) theorem if either it is a theorem of a component, or has been ob-
tained by one of the axioms, or has been derived from an application of modal
fibring (dovetailing) rule or modus ponens. We have then to prove that such
rules and axioms are derived in KEM.

By hypothesis T, coincides with the set of formulas provable in KEM for L,,.
Modus ponens is a derived rule of KE, the propositional fragment of KEM, for
the proof see [9].

For axiom la (Theorem 1), by hypothesis A — «y, is a theorem of the fibred
language ¥, therefore T A, wy and Fagy, ,wo lead to a closed KEM-tree. Let us
start now a KEM-tree with A — \/, «ay,. ,wo we obtain

TA, wWo

F Vn Ay, , Wo
Fa??na Wo

Fog, ,wo



At this point we can repeat the proof for A — ag,, closing thus the tree.

For axiom 1b (Theorem 1), by hypothesis A(z;) has a closed KEM-tree,
which means that each branch 7 is closed; Theorem 4 implies that each branch
is atomically closed, therefore each branch contains two o, -complementary la-
belled signed literals, let us say z,,i, and z¢,7,. We can now replace O,a;
to @, obtaining SOgay;, i, and S“Ogay, j,. But the last two formulas are o r-
complementary, then also in this case the tree is closed.

For modal and dovetailing rule, let us assume that C' is a formula satisfying
the conditions of the rules, then C has a closed KEM-tree. We show now that
also the tree for O7C' is closed.

FDZLC, wo
FOp—1C, (wi, wo)

FC,(wi,...(ww))

All we have to do is to identify w{, with (wg, ... (w{, wy)) and we can repeat the
proof for C, wp, in so far as ((wg, ... (w{,wo)), (W, ... (w{,wo)))oLs.

For b) in the course of KEM-proofs, we generate labels according to the
structure of the formulas involved, but, as we have already said, they also gen-
erate (counter)-models. The labels are intended to denote possible worlds and
relations among them, and all the relevant information are recorded in the la-
bels. So, to extract such information, we have to map labelled signed formulas to
elements of fibred and dovetailed models. This is achieved with the help of three
functions, namely g, r, and f. The function g will map labels to sets of possible
worlds: a singleton for constants, a set of worlds (possibly empty) for variables,
and an actual world for auxiliary labels. The accessibility relation R is assumed
to be closed under specific conditions; but, we want to reconstruct it, through r,
from the labels: path labels are intended to represent not only worlds, but also
the chain of possible worlds leading to them. Finally, f, given an LS-formula,
returns the evaluation of the formula with respect to the world(s) denoted by
its label.

Let mP = (SP, RP,a?, h?) be a model in K, where: S = #7,; RP is a binary
relation on SP; a? € 4 and AP is an evaluation function.

Let g be a function from p¥ to p(SP) thus defined:

[h(i)s) it h(i) € 0%,

iy T € 87 Lgb@) R} i ki) € 9%,
=9 s it i,
aP ifi € A

It may be possible that two labels have the same head, but they denote different
worlds, this is way we have indexed h(i) with the label itself. However we shall
drop the subscript, when this is harmless.



Let r be a function from the set of p-pure labels to RP thus defined:

i)~ 0 if 1(i) = 1
9@ Rrg(®), .. g(i" ) RPg(R(E)) i U(i) =n > 1

Let f be a function from LS-formulas to v thus defined:
F(SA, 1) =gey h(w;’,A) =S

for all w¥ € g(i).

Until now we have examined p-pure labels. Let ¢ be a not p-pure label. It can
be decomposed into p-pure labels as follows: let 7 € N such that Vm > n s™ (i)
is p-preferred. The label ¢" (i) is p-pure. A not p-pure label can be conceived as
a recursive fibring of p-pure sub-labels.

Let m be a structure as in definition 2, where the fibred function F is defined
as follows:

Fp(wj) = g(wo)
for each w; € g(s™(i)), where 1) wy = h'(c"(i)) and 2) ¢"(i) is p-pure. Moreover
we require that if w; # wy then Fp(w;) # Fp(wg). In the case of dovetailing we
impose F,(w;) = w;
It is easy to see that m is a fibred or a dovetailed model for L.

Lemma 1. For any i,k € S if (i,k)oys then g(i) N g(k) # 0.

Proof. The proof is by induction on the number of applications of oz, in oL

First we have to prove the property for o and therefore for o4 An For a
detailed proof see [2,17].

Lemma 2. For any i,k €S, if f(SA,i), (i,k)ors then f(SA, (i,k)ops).

Proof. Let us suppose, by contradiction, that the lemma does not hold, so the
proof trivially follows from Lemma 1, and the definition of f.

The a-rules and PB are obviously sound rules in m in so far as they work
locally. For the 8-rules and PNC': by the hypothesis (3, k)O’Li, then, by Lemmas 1
and 2, there exists a world in g((4, k)aLﬁ), let us say w;, where both 3, 8,
(n = 1,2) and B3_, hold. This implies that 3, and 8¢ hold at w;, which is a
contradiction. The same argument can be applied in the case of PNC.

For the v-rules. Let us suppose v = T'0, A the case of v = ¢, A is identical.
Let us suppose it does not hold, then for all w; € g(i), h(w;,0,A4) = T and
for some w,, € g((m,i)), h(A,wy) = F, where (m,i) is p-preferred. IF 7 is
p-preferred, then h(w;, 0,A) = T implies Vw; : w;RPw;, h(wj, A) = T, By the
definitions of g and r we know w; RPw,,, obtaining thus a contradiction. If ¢ is
not p-preferred, then h(w;, 0,A4) = T iff h(Fp(w;),0,A) = T. The label (m, )
is not p-pure, but (m, wg) where F(w;) = g(wp) is. At this point we can repeat
the same argument as before with wq instead of w;. The proof for the 7-rule is
similar. This ends the proof of Theorem 5.



4 Final remarks

In the last few years we have witnessed a luxuriant growth of multi-dimensional
systems in every field of logic, although only few seeds have been sown in the
garden of proof theory [6-8].

In this work we have been mainly concerned with combinations of normal
modal logics. It is easy to see that dovetailing of normal modal logics correspond
to fusion [18]. However fibring is more general, and we have no constraints on
the components. They may be as well combined logics. It’s worth noting that, as
far propositional normal modal logics are concerned, the system presented here
satisfies all the conditions required for combined tableau calculi reported in [6];
in particular the condition stating “the labels that are part of tableau formulae
represent words in models and do not contain other information”. However KEM-
based tableau calculi can be provided for different systems having Kripke-style
semantics, e.g., quantified modal logics, non normal modal logics, conditional
logics; but such systems require more information in the labels (see [1,2,4]).
The unification scheme we have proposed is not sensitive of such additional
burden, and can be applied also for their combination, in so far as it is closely
related to the fibring function.

We have not studied multi-modal logics with interaction axioms specifying
how they relate each other. Some instances of them have been studied in [15-17],
where the key idea consists of providing either new substitutions and unifications
or constraints on the already existing ones, both reflecting semantic properties
of such axioms. Let us consider the axiom O;A — O5A; as is well known it
correspond to the condition Ry C R;. This is achieved in KEM by defining a
substitution as follows: o1 : @1, — S U $?; sometimes special inference rules
may be required (see [16]). Similarly non-normal modal logics can be dealt with
by weakening the substitutions, e.g., o : &y +— I* where &* C &. At the light
of what we have already said the study of the proof theory of multi-modal logics
reduces to the study of the components.
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